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This study presents a numerical investigation on developing flow of inelastic non-
Newtonian fluids in a circular tube having alternating superhydrophobic grooves and 
ribs arranged transversely to the flow direction. Laminar, steady and incompressible 
flow of non-Newtonian power-law fluid flowing in a circular tube having 
superhydrophobic transverse grooves of L = 0.1 and δ = 0.5 is considered. The 
influences arising from the presence of superhydrophobic surfaces (SHS) on radial 
velocity profile development, centerline velocity distribution and hydrodynamic 
entrance length are examined. For Reynolds numbers ranging from 𝑅𝑒 = 1 × 10−4 to 
𝑅𝑒 = 1, numerical results show that the hydrodynamic entrance lengths arising from 
flow over superhydrophobic transverse grooves for non-Newtonian fluid with power-
law index in the range 0.5 ≤  𝑛 <  1.5 are consistently longer than that of smooth 
surface.  
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1. Introduction 
 

Superhydrophobic surface is widely used in many applications including lab-on-a-chip 
technology, thermal management, self-cleaning, condensation, etc. The prime benefit of 
superhydrophobic surface is its ability to reduce flow resistance and thus it is practically useful to 
gain higher mass flow rates through narrow channels when pumping power is limited [10,13,16]. This 
has been demonstrated in tubes with diameter in millimeters [17]. Most of recent studies on 
superhydrophobic surfaces are dedicated to fully-developed flow region [1,4,16,19], though there 
are a few exceptions [5,8,9,12,14,18,20]. At the entrance region, the flow would first experience a 
hydrodynamically developing flow region where viscous effect will give rise to redistribution of the 
flow and the development of boundary layers, before reaching a fully-developed flow condition 
where the velocity of the flow is no longer dependent on the axial direction. The length required to 
reach fully-developed flow region is known as hydrodynamic entrance length. In many microfluidics 
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applications, developing flow region tends to prevail along the tube length, especially those having 
short tube lengths.  

For Newtonian fluids flowing over smooth walls, the dimensionless hydrodynamic entrance 
length is found to vary nonlinearly with the Reynolds number [6]. In the presence of wall slippage, 
which can be modelled via enforcing uniform velocity slip length over the entire surface [5,8,12] or 
with surface having fully resolved superhydrophobic features [18,20], it gives rise to alteration on the 
entrance length and the velocity profile along the developing flow region. For Newtonian fluids 
flowing over superhydrophobic transverse grooves in channels [18] and tubes [20], the hydrodynamic 
entrance length is predicted to be longer than that of smooth walls. In other words, when 
superhydrophobic transverse grooves are employed along the walls, a greater length is required in 
order to achieve a hydrodynamically fully-developed flow condition. Instead of having Newtonian 
fluid, non-Newtonian fluid is often encountered in many chemical and processing industries. The non-
Newtonian fluid behaviour could be modelled using the power-law fluid model with shear rate varies 
depending on the power-law index, i.e., 𝑛 < 1 represents shear-thinning fluid and 𝑛 > 1 represents 
shear-thickening fluid.  

For a power-law fluid flowing in a circular tube of diameter 𝐷 having smooth wall, the 
hydrodynamic entrance length can be approximated using correlation presented by Poole and Ridley 
[15], given by 
 
𝐿ℎ

𝐷
= [(0.246𝑛2 − 0.675𝑛 + 1.03)1.6 + (0.0567𝑅𝑒)1.6]1/1.6       (1) 

 
where, 𝐿ℎ is the hydrodynamic entrance length and 𝑅𝑒 is the Reynolds number defined by [11,15] 
 

𝑅𝑒 =
𝜌𝑈𝑎𝑣𝑔

2−𝑛𝐷𝑛

𝑘
8(

𝑛

6𝑛+2
)𝑛            (2) 

 
where, 𝑈𝑎𝑣𝑔 is the average fluid velocity, 𝜌 is the density of the fluid and 𝑘 is the consistency index. It 

is worthwhile to note that the correlation stated in Eq. (1) is valid for power-law index ranging 0.4 < 
n < 1.5 and Reynolds number in the range of 0 < Re < 1000. A similar study has also been conducted 
recently for plane channel flow [7]. Both studies [7,15] show that the power-law index exhibits a 
significant influence on the hydrodynamic entrance length. In the absence of smooth surface, the 
influence of wall slip on hydrodynamic entrance length for non-Newtonian fluids has been recently 
studied, either employing wall slip [14] or with textured surfaces (i.e., superhydrophobic transverse 
grooves [9]). In the work documented by Haase et al., [9], the hydrodynamic entrance length is 
predicted to be influenced by the gas fraction ratio and the normalized groove-rib periodic spacing. 
Apart from the effects arising from geometry of the textured surface, it will also be insightful to 
examine the influences of power-law index and Reynolds number on developing flow of power-law 
fluids in tube having superhydrophobic transverse grooves. It is worth to note that this paper focuses 
on Stokes flow (𝑅𝑒 ≤  1) that typically arise in flow through narrow tubes having superhydrophobic 
surfaces [2,3,16].  
 
2. Methodology 
 

Consider a circular tube of diameter 𝐷 in the cylindrical coordinate system (r, θ, z) with a periodic 
array of alternating superhydrophobic transverse grooves and ribs patterned along the tube wall, as 
shown in Figure 1. The axial and radial directions are represented by 𝑧 and 𝑟 directions, respectively. 
A groove-rib unit length is denoted by 𝐸 and the width of the groove is 𝑒. The scale of the 
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superhydrophobic structures are governed by the dimensionless gas area fraction (δ = e/E) and 
normalized groove-rib periodic spacing (L = E/D). 
 

 
Fig. 1. Schematic diagram depicting flow in tubes having alternating 
superhydrophobic grooves and ribs 

 
In this study, a steady laminar flow of incompressible power-law fluid passing through a circular 

tube without swirl (𝑢𝜃 = 0) is considered. The flow is axisymmetric about centerline and thus the 
flow field is independent of θ-direction. Based on the assumptions made, the governing mass and 
momentum conservation equations can be written as follows: 
 
1

𝑟

𝜕

𝜕𝑟
(𝑟𝑢𝑟) +

𝜕𝑢𝑧
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where, 𝜏𝑟𝑟, 𝜏𝑧𝑟, 𝜏𝜃𝜃, 𝜏𝑧𝑧 and 𝜏𝑟𝑧 are viscous stress components, given by 
 

𝜏𝑟𝑟 = 𝜂 (2
𝜕𝑢𝑟

𝜕𝑟
)                  (6) 

 

𝜏𝜃𝜃 = 𝜂 (2 (
1

𝑟

𝜕𝑢𝜃

𝜕𝜃
+

𝑢𝑟

𝑟
))            (7) 

 

𝜏𝑧𝑧 = 𝜂 (2
𝜕𝑢𝑧

𝜕𝑧
)             (8) 

 

𝜏𝑟𝑧 = 𝜏𝑧𝑟 = 𝜂 (
𝜕𝑢𝑟

𝜕𝑧
+

𝜕𝑢𝑧

𝜕𝑟
)            (9) 

 
The 𝜂 denotes the power-law generalized Newtonian fluid (GNF) viscosity function, 𝜂(𝛾̇) = 𝑘𝛾̇𝑛−1 
where 𝑘 is the consistency index, 𝛾̇ is the rate of deformation and 𝑛 is called the power-law index. 
For n < 1, the fluid exhibits shear thinning behaviour and n > 1 refers to fluid that shows shear 
thickening behaviour. Newtonian fluid is denoted by 𝑛 = 1. 

Governing equations in Eq. (3)-(5) are solved using ANSYS FLUENT 18.1, a finite volume based 
computational fluid dynamics (CFD) software package. The pressure-velocity coupling was solved via 
SIMPLE scheme. The numerical solution for pressure and momentum are based on second-order and 
second-order upwind schemes, respectively. To attain solutions with better accuracy, double 
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precision was used for all the calculations.The convergence ctiteria with scaled residuals of 10-10 for 
continuity and momentum equations are employed in this study. As illustrated in Figure 1, the solid-
liquid (along ribs) and liquid-gas (along grooves) interfaces will give rise to two distinctly different 
values of shear stress. To mimic the effect of the mixed solid-liquid and liquid-gas interfaces, no-slip 
condition is imposed along the solid-liquid interface while shear-free condition is prescribed along 
the liquid-gas interface. It is also useful to highlight that there is no net mass flow rate through the 
gas layer, or in another word, the air on the superhydrophic surface is trapped. At the inlet (𝑧 =  0), 
a uniform velocity, 𝑈𝑎𝑣𝑔 is applied whereas a zero static pressure is precribed at the outlet.  

 
3. Result and Discussion 
 

In this numerical study, the diameter of the pipe (𝐷) is 0.001m and the axial length (𝑙) is 0.01m. 
The density and consistency index of the non-Newtonian fluid are prescribed to be 1000 kg/m3 and 
1, respectively. The length of the pipe is sufficiently long to examine the entrance length for pressure-
driven flow at low Reynold number (𝑅𝑒 ≤  1). The Knudsen number of liquid is considered to be 
sufficiently low and thus rarefied effects are not considered. The hydrodynamic entrance length is 
defined when the centerline velocity reaches 99% of the fully-developed velocity (𝑈𝐹𝐷) in axial 
direction. The computational domain is confined in the domain of (𝑧, 𝑟)  ∈  [0, 𝑙]  ×  [0, 𝐷/2]. It is 
worth to mention that uniformly spaced structured grids are employed along axial and radial 
directions. To investigate the grid dependence of the numerical solution for pipe flow with transverse 
grooves, four grid resolutions are performed (i.e., 𝑁𝑧  ×  𝑁𝑟  =  200 ×  10, 400 ×  20, 800 ×  40, 
1600 ×  80) for non-Newtonian fluids of 𝑛 =  0.5 and 𝑛 =  1.5. 𝑁𝑧 and 𝑁𝑟 are the number of 
elements in axial direction and radial direction, respectively. In this study, only superhydrophobic 
surface with transverse grooves of 𝐿 =  0.1 and 𝛿 =  0.5 is considered and the liquid-gas interface 
is assumed to be perfectly flat in the simulation. As can be seen from Figure 2, the solutions converge 
at higher grid resolutions.  For 𝑛 =  1.5, the dimensionless entrance length (𝐿ℎ 𝐷⁄ ) is 0.5758 when 
grid resolution of 𝑁𝑧  ×  𝑁𝑟 =  800 ×  40 is employed. Doubling the grid resolution from 800 to 1600 
elements for 𝑁𝑧 and 40 to 80 elements for 𝑁𝑟 results in only 0.49 % difference for (𝐿ℎ 𝐷⁄ ). For 𝑛 =
0.5, using the same set of grid resolutions, it would give rise to 0.18 % difference. To ascertain the 
accuracy of the results obtained via numerical simulation, grid resolution of 𝑁𝑧  ×  𝑁𝑟 =  800 ×  40 
is best employed throughout this study.  
 

  
(a) (b) 

Fig. 2. Grid independence test for flow through tube having superhydrophobic transverse grooves at 𝑅𝑒 =
 0.001 for (a) 𝑛 =  0.5 and (b) 𝑛 = 1.5 
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3.1 Effect on Development of Velocity Profile 
 

In Figure 3, the axial velocity distributions at various axial locations (i.e., 𝑧 𝐷⁄  = 0, 0.025, 0.125, 
0.225, 0.325, 0.425 and at fully-developed region) for different power-law fluids are shown. The axial 
locations examined (i.e., 𝑧 𝐷⁄  = 0.025, 0.125, 0.225, 0.325 and 0.425) are located at the center of rib 
of the first until the fifth successive groove-rib period.  As can be deduced from this figure, the flow 
develops from initially a uniform velocity distribution until the fluid flow attains a consistent parabolic 
profile at successive rib locations in the hydrodynamically fully-developed region. 

At no-slip region, the fluid particles in the layer in contact with the surface of the tube come to a 
complete stop and this causes the adjacent layer of fluid particles to slow down. To maintain the 
mass flow rate through the tube, the velocity of the fluid at the centerline is thus larger. With the 
presence of superhydrophobic transverse grooves, the fluid flow alternately experiences both fluid 
slip over the liquid-gas interface and zero velocity along the solid-liquid interface. Comparing to the 
overall shape of the fully-developed velocity profiles, it can be clearly observed that the velocity 
profile is flatter for shear-thinning fluid (𝑛 =  0.5) and sharper for shear-thickening fluid (𝑛 =  1.5), 
as compared to that of Newtonian fluid (𝑛 = 1).   

 

 
(a) 

 

 
(b) 
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(c) 

Fig. 3. Development of axial velocity along tube having superhydrophobic transverse 
grooves at 𝑅𝑒 =  0.001 for (a) 𝑛 =  0.5, (b) 𝑛 =  1, and (c) 𝑛 = 1.5 

 
In the vicinity of the wall where the shear rate is high, the apparent viscosity of shear-thinning 

fluid is lowered, thereby allowing higher velocity gradient in this region. On the other hand, the 
apparent viscosity is greater at the center of the tube. This allows smaller velocity gradient and thus 
giving rise to a flatter velocity profile at the center of the tube. In contrast, reverse behaviour of 
shear-thickening fluid exhibits a sharper shape of velocity profile at the tube center. 
 
3.2 Effect on Centerline Velocity Distribution 
 

It is also insightful to examine the influence of superhydrophobic transverse grooves on the 
centerline velocity distribution. As shown in Figure 4, the presence of these surface alters the 
centerline distribution where the magnitude of the axial velocity along the tube is relatively lower as 
compared to that of smooth walls. For superhydrophobic transverse grooves of 𝐿 = 0.1 and 𝛿 = 0.5, 
the maximum 𝑢 𝑈𝑎𝑣𝑔⁄ are approximately 1.5212, 1.9060 and 2.1258 for n = 0.5, 1 and 1.5, 

respectively. Comparatively, it would yield maximum 𝑢 𝑈𝑎𝑣𝑔⁄  value of 1.6651, 1.9988 and 2.2 for 

tube having smooth walls. The lower flow rate experienced in the center region of the flow is resulted 
from the redistribution of the flow with higher fluid flow allowed in the vicinity of the 
superhydrophobic wall.  Despite the reduction on the maximum 𝑢 𝑈𝑎𝑣𝑔⁄ , non-Newtonian fluid with 

large power-law index (i.e., 𝑛 = 1.5) still yields higher maximum 𝑢 𝑈𝑎𝑣𝑔⁄ value and vice versa, similar 

with that of smooth walls. It is also worth to highlight that the scale of superhydrophobic transverse 
grooves examined in this study is relatively small (i.e., L = 0.1 where the groove-rib periodic spacing 
is one-tenth of the tube diameter), thus the influence of these microstructures on the bulk flow is 
small. The alteration on the surface of the tube didn’t change the shape of the velocity profile in the 
bulk region of the flow, as observed in Figure 4. This allows the velocity magnitude along the 
centerline to rise monotonically, similar to that of smooth walls. 

 
3.3 Effect on Hydrodynamic Entrance Length 

 
Variation of hydrodynamic entrance length with power-law index is plotted in Figure 5. For flows 

over superhydrophobic transverse grooves, numerical results show a decreasing entrance length 
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with the increase in the power-law index, n. This is similar with the trend exhibited by smooth wall. 
Comparatively, the entrance length for flow scenarios having superhydrophobic transverse grooves 
are constantly longer than that having smooth wall.  For power-law fluid of 𝑛 = 0.5 flowing over 
superhydrophobic transverse grooves of 𝐿 = 0.1 and 𝛿 = 0.5, the dimensionless entrance length 
(𝐿ℎ 𝐷⁄ ) is predicted to be 0.7771, more than 3% increase than that of smooth wall. For shear-
thickening fluid with power-law index of 𝑛 = 1.5, 𝐿ℎ 𝐷⁄  is estimated to be 0.5761. 

 
Fig. 4. Axial velocity profile for power-law fluids of different power-law indices along the centerline 
of tube having smooth wall, and superhydrophobic transverse grooves of 𝐿 = 0.1 and 𝛿 = 0.5 at 
𝑅𝑒 = 0.001 

 

 
Fig. 5. Variation of entrance length with power-law index for 
flow having superhydrophobic transverse grooves. Solid black 
line denotes correlation data obtained from Eq. (1) 
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The entrance length variation with Reynold number in the range of 0.001 ≤ 𝑅𝑒 ≤ 1 is plotted in 
Figure 6. As can be deduced from this figure, the dimensionless hydrodynamic entrance lengths are 
approximately constant at sufficiently low Reynolds numbers (𝑅𝑒 < 0.1). This arises from the flow 
mechanism that is mainly governed by diffusion. At higher Reynold numbers (𝑅𝑒 > 0.1), the 
entrance length increases non-linearly with the increase in Reynolds number. Compared with that of 
smooth wall, the entrance length predicted for flow scenarios with superhydrophobic transverse 
grooves is consistently higher for both shear-thinning and shear-thickening fluids. At the same 
Reynolds number, the alteration on the tube surface by patterning superhydrophobic transverse 
grooves along the tube, gives rise to the creation and destruction of boundary layer when flow 
subsequently passing through rib and groove. With alternating groove-rib periodic pattern, this yields 
a continuous creation and destruction of boundary layers. The fluid accelerates and decelerates along 
the tube wall, and this could lead to the bulk of the fluid flow taking a longer length to become fully 
developed flow. 

  

 
Fig. 6. Variation of entrance length with Reynolds number for flow scenarios in tubes having smooth 
wall and superhydrophobic transverse grooves 

 
4. Conclusion 
 

Numerical simulations were employed to investigate the developing flow of power-law fluids in 
pipe have superhydrophobic transverse grooves. The presence of these surfaces is found to exert 
influence on the flow velocity profile, velocity distribution along the centerline and the hydrodynamic 
entrance length. Examined for power-law index ranging from 0.5 to 1.5 at Reynolds number in the 
range 0.001 ≤ 𝑅𝑒 ≤ 1, the hydrodynamic entrance length is predicted to be consistently longer than 
that of smooth wall.  The numerical results shall hold when the hydrophobic effects remain 
throughout the tube and liquid didn’t penetrate into the cavities in between microstructures along 
the tube surface.  
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