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Arterial blood pressure waveforms of common carotid artery (CCA) at different 
physiological conditions are rarely modeled and compared by the previous study. The 
artery in the cardiovascular system has been known to be analogous with the electrical 
circuit. Therefore, this study aims to assess and have a full understanding onto the 
blood pressure waveforms in CCA at different physiological of normotensive and 
hypertensive conditions invasively. A 4-element Windkessel model is used to obtained 
the blood pressure from the existing velocity waveforms at three physiological 
conditions namely as Normal Blood Pressure (NBP), Pre-Hypertension (PH) and 
Hypertension Stage One (HS1). The results have shown that the blood pressure 
waveforms are successfully simulated and achieve acceptable agreement with the 
previous study. The simulated blood pressure waveforms in CCA obtain different 
patterns which correspond to their velocity waveform. Thus, the augmentation index 
AI of the pressure waveforms obtained by NBP, PH, and HS1 conditions gave values 
about 9.77%, 14.94% and 25.17%, respectively. Since these values are acceptable with 
previous study, the 4-element Windkessel model is reliable in predicting the arterial 
blood pressure waveform that associate with cardiovascular disease.  
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1. Introduction 
 

Arterial blood pressure waveform plays the main role to describe the activity of the heart which 
affecting the particular artery in systole and diastole of each cardiac cycle [1,2]. Instead of using 
Doppler ultrasound method and sphygmomanometer, a mathematical model namely as Windkessel 
model is easily able to simulate the cardiac cycles of the heart [3-5]. The mathematical model is 
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derived from electrical circuit analogies where current represents the arterial blood flow and voltage 
represents the arterial blood pressure as illustrated in Figure 1 [6-14]. 

Previously, the Windkessel model was introduced with only two elements which consist of 
peripheral resistance and capacitance. However, this model produces unrealistic aortic pressure 
waveform due to lack of systemic input impedance. Later on, characteristic impedance is included as 
the third element of the three-element Windkessel model to overcome the problem. However, the 
capacitance tends to be overestimated and the characteristic impedance tends to be 
underestimated. The Windkessel model is improved as four-element by implying the inertia of the 
arterial cardiovascular system [15]. These Windkessel models can be seen in Figure 2 displaying their 
own analogous electrical diagram [16]. Although the position of inductor in the four-element 
Windkessel model has been modified for an improvement [17], the general four-element model still 
performs well in simulating the blood flow in congenital heart diseases [18,19]. 

 

 
Fig. 1. Analogy of blood flow to the electrical circuit [7]. R 
represents resistor; I represents current; F represents 
flow; P1 and P2 represent pressures; V1 and V2 represent 
voltages 
 

 

 

 

  
(a) (b) (c) 

Fig. 2. Electrical circuit of Windkessel model for (a) 2-element, (b) 3-element and (c) 4-element 
[16]. R, R1 and R2 are resistors; i is current; L is conductor; C is capacitor 

 
On the other hand, the blood pressure waveform enlarges from the central aorta to the 

peripheral artery as seen in Figure 3 [20]. The pressure waveform of the central aorta has been widely 
studied as displayed in Figure 4 [21]. However, the peripheral artery such as carotid artery is hardly 
studied in detail for its reflected pressure time, pulse pressure, ejection duration and the augmented 
pressure at different physiological conditions. 
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Thus, it triggers the present study to use the general four-element Windkessel model in assessing 
the hemodynamic pressure waveform with different physiological conditions consisting of 
normotensive and hypertensive blood flow. In addition, hypertensive physiological condition of 
blood in carotid artery is rarely simulated through Windkessel model and compared with the 
normotensive condition. Therefore, this study aims to have a full understanding on the activity of 
blood pressure waveform that happen in normotensive and hypertensive carotid artery. 

 

 
Fig. 3. Enlargement in blood pressure waveform from the 
central aorta to the periphery of the arterial system [20] 

 

 
Fig. 4. Central aorta pressure waveform showing the time of reflected pressure wave (TR), first 
systolic pressure (P1), second systolic pressure (P2), pulse pressure and augmented pressure [22] 

 
2. Methodology  
 

The simulation of blood pressure waveform by applying Windkessel 4-element model is done on 
numerical computation software called as MATLAB (Mathworks, Natick, Massachusetts, United 
States). Further sub-chapters describe the input data, blood parametric assumptions and the 
properties of carotid artery that used in the mathematical formulations to obtain the desired 
pressure waveform by using the software. An actual measured pressure waveform of carotid artery 
is then compared with the simulated pressure waveform to ensure the present study is valid.  
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2.1 Blood Velocity Waveform as Input for the Mathematical Model 
 
The input data using velocity waveforms of blood in carotid artery are based on a study by Azhim 

et al., consisting of three physiological conditions which namely as Normal Blood Pressure (NBP), Pre-
Hypertension (PH) and Hypertension Stage 1 (HS1). As shown in Figure 5, the velocity waveform of 
NBP condition represents the systolic and diastolic blood pressure of heart about 117/71 mmHg. On 
the other hand, the velocity waveform of carotid artery in PH condition represents 124/81 mmHg 
while HS1 condition represents 148/96 mmHg for heart blood pressure. These velocity waveforms 
are obtained from young adult where the age is ranged from 31 to 37 years old [23]. 

 

 
Fig. 5. Velocity waveform of carotid artery at physiological flow 
condition of NBP, PH and HS1[23] 

 
By using a curve fitting toolbox in MATLAB, the velocity (m/s) waveforms were approximated as 

Fourier series V(t) in term of time t as displayed in Eq. (1). This equation is able to mimic the 
continuous cardiac cycle of the waveform. Thus, the empirical variables for the Fourier series were 
demonstrated as seen in Table 1. 
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On the other hand, the mentioned systolic and diastolic blood pressures can be represented as 

mean arterial pressure (MAP) for entire cardiovascular system for each physiological condition by 
using Eq. (2) [20]. Pd represents diastolic blood pressure while Ps represents systolic blood pressure. 
Therefore, the MAP for NBP, PH and HS1 conditions obtained about 86.333 mmHg, 95.333 mmHg 
and 113.333 mmHg, respectively. 
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Table 1 
Empirical Variables of Fourier Series for each Blood 
Physiological Condition 

Parameter 
Blood condition 

NBP PH HS1 

ω 8.302 8.607 7.878 

a0 0.3782 0.4009 0.4119 

a1 -0.1812 -0.1616 -0.2122 

a2 0.1276 0.1073 0.1478 

a3 -0.08981 -0.08038 -0.06878 

a4 0.04347 0.06128 0.003649 

a5 -0.05412 -0.06997 0.01622 

a6 0.02642 0.03333 -0.01642 

a7 0.008946 -0.01044 0.01418 

a8 -0.009005 0.01131 -0.0152 

b1 -0.07725 -0.1169 -0.07103 

b2 0.01466 0.04827 -0.02544 

b3 0.004295 -0.02247 0.03135 

b4 -0.06679 -0.02642 -0.05162 

b5 0.05679 0.01599 0.05005 

b6 -0.01878 -0.0002684 -0.02426 

b7 0.01869 0.0136 -0.001858 

b8 -0.01888 -0.01632 0.0148 

 
2.2 Blood Parametric Assumptions and Arterial Properties at Varying Physiological Conditions 

 
The typical value for blood dynamic viscosity μ and its density ρ for human cardiovascular system 

is 0.0035 Ns/m2 and 1060 kg/m3, respectively [24]. The heart rate HR of the cardiovascular system 
used in the study is set at a constant value of 75 beat per minute (BPM) throughout the physiological 
conditions [25]. Specifically, the studied region of artery is at common carotid artery (CCA) where the 
blood supply carried from the heart to the neck and head [26]. The artery have a length L about 19.25 
cm [27]. However, the thickening of the artery as the arterial blood pressure increases had cause the 
artery to become a little bit stenosed and the inner radius Ri of the lumen become reduced [28–30]. 
Based on the previous studies by Polak et al., [31] and Casiglia et al., [32], the thickness h of CCA in 
NBP, PH and HS1 conditions are 0.39 mm, 0.463 mm and 0.5 mm, respectively. The normotensive R i 
of CCA in NBP condition is 3.1 mm [33]. For hypertensive conditions of PH and HS1, the radius is 
decreased by the increased thickness which obtaining the Ri value about 3.027 mm and 2.99 mm, 
respectively. For an arterial property of modulus elasticity E, a study by Messas et al., has shown that 
the E value increases as the blood pressure increased [34]. According to the mean values for the static 
incremental modulus of carotid artery by Bergel, the MAP from the NBP to PH condition has an 
increasing E value about 20.6%. Meanwhile, the MAP from NBP to HS1 condition shows an increasing 
E value about 63.03% [35]. Normotensive condition of NBP has been shown to have an E value about 
0.4 MPa [27]. Therefore, PH and HS1 conditions obtained an E value about 0.4824 MPa and 0.6521 
MPa, respectively. Thus, Table 2 summarizes the obtained parameters used for the Windkessel 
model. 
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Table 2  
Parameters for the Windkessel Model at 
Different Physiological Condition 

Parameter 
Physiological condition 

NBP PH HS1 

μ (Ns/m2) 0.0035 

ρ (kg/m3) 1060 

HR (BPM) 75 

L (mm) 192.5 

Ri (mm) 3.100 3.027 2.990 

h (mm) 0.390 0.463 0.500 

Ps (mmHg) 117 124 148 

Pd (mmHg) 71 81 96 

MAP 
(mmHg) 

86.333 95.333 113.333 

E (MPa) 0.4000 0.4824 0.6521 

 
2.3 Systole Period 

 
The mathematical model of 4-element Windkessel is started by calculating the systole period Ts 

of the blood pressure waveform. Based on a study by Catanho et al., [7], the systole period is 
computed from the time of cardiac cycle Tc as follows: 

 

c

60
T

HR
                         (3) 

 

s c

2
T T

5
                         (4) 

 
2.4 Cardiac Output 

 
Then, the cardiac output CO (L/min) of CCA is calculated as shown in Eq. (5) where SV (mL/beat) 

represents stroke volume by CCA [36]. The value of CO is able to identify of how much the blood flow 
rate produced by CCA.  

 
CO (1000 SV) HR                          (5) 

 
SV is obtained by integrating the multiplication of the velocity waveform Fourier series V(t) and 

the lumen cross-sectional area A of CCA as shown in Eq. (6). It is due to the area under the graph of 
blood flow rate waveform represents the volume of the blood per cardiac cycle [37]. Thus, the 
multiplication of Q(t) is shown as in Eq. (7) while A is obtained through Eq. (8). 
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2.5 Womersley Number 
 

Womersley number α is then calculated to obtain the Fry parameters which used in further 
computation. The Womersley number is a dimensionless parameter which represents a ratio of 
transient to viscous forces that calculated as shown in Eq. (9) where ωHR is an angular velocity of 
heartbeat [24]. The ωHR is yielded from Eq. (10) where f is the frequency (Hz) of the heartbeat. 
Meanwhile, f is a conversion from HR by using Eq. (11). 

 

iR HR 
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2HR f                                 (10) 
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60
f                                     (11) 

 
2.6 Fry Parameters 

 
Fry parameters consisting of resistance coefficient cv and inertance coefficient cu are important 

to analog the fluid parameters as the electrical circuit parameters. These Fry parameters are 
dependent to the Womersley number. Therefore, cv and cu are obtained from the curve of 
Womersley solution as shown in Figure 6 [24]. 

 

 
Fig. 6. Curve of Womersley solution in obtaining Fry parameters [24] 
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2.7 Arterial Resistance 
 
The arterial resistance RV (mmHg/cm3/s) is a blood flow resistance encountered by the specific 

blood vessel which is CCA. RV is calculated by using Eq. (12) [24]. 
 

4

i

8
L

R
V vR c





 
  

 
                (12) 

 
2.8 Arterial Inductance 

 
The arterial inductance LV (mmHg/cm3/s2) represents the inertia of the blood flow in CCA. Thus, 

the LV value is obtained by using Eq. (13) [24]. 
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2.9 Arterial Capacitance 

 
The arterial capacitance CV (cm3/mmHg) represents the compliance of the blood vessel which is 

CCA. The CV value is yielded from Eq. (14) [38]. 
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2.10 Peripheral Resistance 

 
The peripheral resistance R (mmHg/cm3/s) refers to the encountered resistance by the blood flow 

throughout the systemic arterial system. This parameter is obtained using Eq. (15) [39]. 
 

60 MAP
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2.11 Arterial and Terminal End Load Impedances 

 
As shown in Figure 2, the resistance R in 2-element equals to the summation of resistance R1 and 

R2 in 3-element as well as 4-element Windkessel models, which specifically shown in Eq. (16). The 
distribution of the resistances can be identified by matching the arterial impedance ZV and the 
terminal end load impedance Ze as displayed in Eq. (17). ZV and Ze are defined by the equations of Eq. 
(18) and Eq. (19), respectively where j is the imaginary number [24]. Besides, the capacitance of the 
terminal end load CL (mmHg/cm3/s) could also be determined. 
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The arterial impedance ZV in Eq. (18) yields the answer in the form of XV+YVj where XV is the real 

unit of ZV and YV is the imaginary unit of ZV. Meanwhile, R2 in Eq. (19) is replaced with R−R1 and split 
into the form of real and imaginary units as shown in Eq. (20). 
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As Ze is expanded into complex number, the real unit of Eq. (20) is matched with XV while the 

imaginary unit of Eq. 20 is matched with YVj as seen in Eq. (21) and Eq. (22), respectively. 
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The values of CL, R1 and R2 are obtained by performing simultaneous equations of Eq. (21) and Eq. 

(22). 
 

2.12 4-Element Windkessel Model 
 
In the present study, an electrical circuit diagram by Catanho et al., as shown in Figure 7 is used 

in the 4-element Windkessel model. Therefore, the mathematical model is as seen in Eq. (23) [7]. 

 
Fig. 7. An analogous electrical circuit 
of 4-element Windkessel model [7] 

 
2

1
1 2

2 2 2

( ) ( ) ( ) ( )
1 ( )+ + + = +V

V V V V

LR di t d i t P t dP t
i t R C L C C

R R dt dt R dt

   
   

   
              (23) 

 

R1 

R2 

i(t)=Q(t) 

P(t) 

LV 

CV 



Journal of Advanced Research in Fluid Mechanics and Thermal Sciences 

Volume 57, Issue 1 (2019) 69-85 

78 
 

Then, Eq. 23 is re-organized as shown in Eq. (24). By initializing the condition of P(t) in Eq. (24) at 
MAP, Eq. (24) is solved using MATLAB Ordinary Differential Equations (ODE) solver. 
 

2

2 1
1 2

2 2 2

( ) 1 ( ) ( ) ( )
= ( )+ + + -V

V V V

R RdP t di t d i t P t
i t R L

dt R C C R dt dt C R

   
   
   

              (24) 

 
2.13 Augmentation Index of Blood Pressure Waveform in CCA 

 
The augmentation index (AI) is a measure of the wave reflection that indicates the arterial 

stiffness. Besides, AI also plays the main role as an indicator to the risk of cardiovascular disease. The 
AI value can be obtained by using Eq. (25) where P1 is the first systolic pressure while P2 represents 
the second systolic pressure while PP represents pulse pressure [22, 40]. 
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2.14 Measured Blood Pressure Waveform by Previous Studies 

 
There are two measured data of blood pressure waveform in carotid artery for adult which firstly 

by Nichols et al., and secondly by Kingwell et al., as shown in Figure 8 [41, 42]. The simulated data is 
compared with the measured data based on the relative error Er of their standard deviations. The 
relative error is calculated as seen in Eq. (26) where d4WK represents the numerical standard deviation 
while dM represents the standard deviation of the measured data. 

 

 
Fig. 8. Measured blood pressure waveform in carotid 
artery for adult [41,42] 
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3. Results  
3.1 Different Initializations of the Simulated Blood Pressure Waveform 
 

As the MATLAB ODE solver needs the initial value of the blood pressure P0, an assumption has to 
be made for a stable continuous cardiac cycle of the blood pressure. Figure 9 has shown a different 
pattern of blood pressure waveform during its first cycle using P0 equals to 0 mmHg and 86.333 
mmHg. Figure 9(a) displays an inaccurate of blood pressure where the first cycle started at negative 
values. Meanwhile, Figure 9(b) shows the cardiac cycles using 86.333 mmHg from the MAP value for 
the P0 seems to be accurate and stable right at the starting point. Besides, the first cycle of the blood 
pressure waveform using MAP as the P0 shows similar pattern with the other cycles. 
 

 
(a) 

 
(b) 

Fig. 9. Blood pressure waveform that initialized at (a) P0 = 0 mmHg and (b) P0 
= 86.333 mmHg. Each color of the blood pressure waveform represents each 
of the cardiac cycle 

 
3.2 Validation of Simulated Blood Pressure Waveform 
 

As shown in Figure 10, the simulated Windkessel model of the present study has an Er with the 
measured data by Nichols et al., [41] about 6.45% while Kingwell et al., [42] about 2.51%. The 
comparison is made in the NBP physiological condition of carotid artery. Since the errors between 
the numerical and the measured data are small, the Windkessel model of the present study is 
considered as acceptable and valid. Therefore, the present study is furthered with the analysis of 
hypertensive physiological conditions of carotid artery. 
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Fig. 10. Simulated Windkessel model and the measured blood 
pressure waveforms [41,42] 

 
 
3.3 Blood Pressure Waveform of CCA at Specific Physiological Condition 
 

The increasing order of blood physiological condition from NBP to HS1 gives an increase in 
resistance, decrease in capacitance and decrease in inductance. As shown in Table 3, R value 
increased from 7.6706 mmHg/cm3/s for NBP to 9.8052 mmHg/cm3/s for HS1 condition. It means that 
the flow resistance encountered by the blood throughout the systemic arterial system from NBP to 
HS1 condition increased about 27.83%. For RV, the flow resistance in CCA increased from NBP to HS1 
condition about 13.15%. This result is in an agreement with the study by Stergiopulos et al., displaying 
the peripheral resistance increases as the blood pressure increases [40]. On the other hand, the 
arterial compliance CV by NBP, PH and HS1 conditions show to have the value about 0.0231, 0.0150 
and 0.0099 cm3/mmHg, respectively. It indicates that the elasticity of CCA is dropped from NBP to 
HS1 about 57.14%. This decrement has proven that the thickening of an arterial wall to be increased 
as the blood pressure rise [28–30]. Meanwhile, the arterial inductance shows not much difference 
although the values are at increasing order. The LV by NBP, PH and HS1 conditions showed CCA to 
have the value about 0.064, 0.0673 and 0.0691 mmHg/cm3/s2, respectively, which shown to have an 
increment about 7.99%. It has proven that the high blood physiological condition give small 
increment in term of the blood flow inertia. 

 
Table 3 
The Calculated Values of Electrical Parameters by each 
Physiological Condition 

Electrical Parameter 
Physiological condition 

NBP PH HS1 

R (mmHg/cm3/s) 7.6706 8.3917 9.8052 

R1 (mmHg/cm3/s) 1.6753 2.1278 2.6511 

R2 (mmHg/cm3/s) 5.9953 6.2638 7.1542 

RV (mmHg/cm3/s) 0.1795 0.1947 0.2031 

CV (cm3/mmHg) 0.0231 0.0150 0.0099 

LV (mmHg/cm3/s2) 0.0640 0.0673 0.0691 

 

0.0

0.2

0.4

0.6

0.8

1.0

0.0 0.2 0.4 0.6 0.8 1.0

N
o

rm
al

iz
e

d
 p

re
ss

u
re

, P
n

Normalized time, tn

Present study

Nichols et al. (2011)

Kingwell et al. (2002)



Journal of Advanced Research in Fluid Mechanics and Thermal Sciences 

Volume 57, Issue 1 (2019) 69-85 

81 
 

The obtained electrical parameters by each blood physiological condition displays a specific 
pattern blood flow waveform as shown in Figure 11, Figure 12 and Figure 13. The blood flow rate and 
the simulated pressure waveform of Figure 11 represent NBP condition, Figure 12 represent PH 
condition while Figure 13 represent HS1 condition. All the blood pressure waveforms are seen to be 
varied according to the flow rate waveform at full three cardiac cycles. 
 

 
(a) 

 
(b) 

Fig. 11. (a) Blood flow rate and (b) simulated pressure waveform of CCA for 
NBP condition. The color of the curve represents different cardiac cycle 

 
(a) 

 
(b) 

Fig. 12. (a) Blood flow rate and (b) simulated pressure waveform of CCA for PH condition. 
The color of the curve represents different cardiac cycle 
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Fig. 13. (a) Blood flow rate and (b) simulated pressure waveform of CCA for 
HS1 condition. The color of the curve represents different cardiac cycle 

 
3.4 Cardiac Activity of Blood Pressure Waveform at Different Physiological Conditions 
 

The systole period of the simulated blood pressure waveforms averagely start from 0.28 s to 0.62 
s while the other time cardiac cycle shows a diastolic period as shown in Figure 14. Specifically, the 
diastolic pressure by each of the physiological condition in NBP is shown to have about 53.859 mmHg 
at 0.28 s, PH is shown to have about 56.956 mmHg at 0.3 s while HS1 is shown to have about 60.713 
mmHg at 0.27 s. As the heart contracts, the blood flow is ejected rapidly from the heart to CCA. The 
heart contraction has caused the first systolic pressure in CCA by NBP condition shows 123.798 
mmHg, PH condition shows 145.115 mmHg while HS1 condition shows 193.146 mmHg at an average 
cardiac cycle of 0.42 s. The physiological condition from NBP to PH is demonstrated to have an 
increment of first systolic pressure about 17.22% while from NBP to HS1 demonstrated the increment 
about 56.02%. As the rejection is reduced, the pressure waves are reflected causing the second 
systolic pressure to be identified. The second systolic pressure by NBP condition is 116.963 mmHg, 
PH condition is 131.945 mmHg and HS1 condition is 159.817 mmHg. The duration of the reflected 
wave is averagely 0.12 s as the reflection ends exactly at 0.54 s. Then, the ejection process stops the 
blood flow at 0.62 s where a dicrotic notch is spotted. As the diastole period begins, the pressure 
decreases gradually which caused by the inflow from CCA to the heart. 

The pulse pressures of CCA in NBP, PH and HS1 condition are shown at the values about 69.939 
mmHg, 88.159 mmHg and 132.433 mmHg, respectively. Meanwhile, the pulse pressures of the heart 
in NBP, PH and HS1 conditions are 46 mmHg, 43 mmHg and 52 mmHg, respectively. This comparison 
between the obtained pulse pressures in CCA and the heart has proven that the enlargement of the 
propagated wave is in agreement with a study by Ohno et al., [21] which also showing the increasing 
of pulse pressure from the central aorta to the peripheral artery. From the obtained first systolic, 
second systolic and pulse pressures, the augmentation index by NBP condition is shown to have AI 
value about 9.77%, PH condition shows 14.94% while HS1 condition shows 25.17%. On the other 
hand, Weber et al., obtained AI on healthy artery about 11.7% while the artery with cardiovascular 
disease about 17.2% [43]. Meanwhile, the AI by NBP condition of the present study is shown to have 
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lower value than 11.7% while the AI by the HS1 condition is shown to have higher value than 17.2%. 
Based on the benchmark by the previous study, it is proven that the simulated pressure waveform 
by NBP condition in CCA is in agreement with the normotensive state. Since hypertension is 
associated with the cardiovascular disease, the pressure waveform of HS1 in CCA is acceptable as the 
hypertensive condition. However, the AI by the simulated pressure waveform of PH condition falls 
between 11.7% and 17.2%. Thus, the PH condition only shows the elevated blood pressure waveform 
from the normotensive state which has a high risk to the cardiovascular disease of hypertension. 

 

 
Fig. 14. Simulated blood pressure waveforms in CCA at NBP, PH and 
HS1 conditions 

 
4. Conclusions 
 

The electrical parameters of Windkessel model has shown that physiological of blood in CCA from 
normotensive to hypertensive condition produced an increment of peripheral resistance about 
27.83%, a decrement of arterial capacitance about 57.14% and an increment of arterial inductance 
about 7.99%.These electrical parameters have shown the blood pressure waveform to have AI in 
NBP, PH and HS1 conditions about 9.77%, 14.94% and 25.17%, respectively. As the results shown are 
acceptable compared with the previous studies, the simulated blood pressure waveforms are reliable 
in describing the activity that happens on each cardiac cycle. 

Although the mathematical model used in 4-element Windkessel model is simple, there are too 
many properties that need to be considered so data are synchronize in terms of blood pressure, 
arterial circumstances and age. On the other hand, the mathematical model is very useful to those 
who study the blood flow invasively through computational fluid dynamic method. 
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