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A numerical study of transient laminar mixed convection heat transfer characteristics 
confined within a square (2D) and cubic shape (3D) lid-driven cavity has been carried 
out. Lateral walls are maintained at a constant cold temperature and move upwards 
with a constant velocity. A heat source is located at the center of the bottom wall of 
the cavity and maintained at a constant high temperature. All the remaining parts of 
the cavity are considered adiabatic. The general conservation equations are discretized 
according to the Finite Volume method based on the SIMPLER algorithm. Richardson 
number (Ri) is varied from 0.1 to 10 and the competition between the natural and 
forced convection forces can lead the flow to adopt, under certain conditions, intricate 
behaviours such as loss of symmetry, bifurcations and so on. Obtained results showed 
that the critical Ri numbers that characterize the transition from the forced convection 
(two symmetric vortices) to the mixed convection (two asymmetric vortices) happens 
at Ri = 2.51 and Ri = 4.7 for the 3D and 2d cases, respectively. Then, the second 
transition from mixed convection to natural convection (four symmetrical vortices) 
happens at Ri = 6.29 and Ri = 7 for the 3D and 2d cases, respectively. Results indicated 
also that the heat transfer process was strongly affected by the dominant heat 
convection regime in which the rate of heat transfer increased in the case of 
asymmetric branch which is characterized by a dominance of natural convection mode. 
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1. Introduction 
 

Heat transfer in closed cavities is fundamental for various industrial sectors, in particular, those 
related to energy saving such as cooling of electronic components, building ventilation systems, heat 
exchangers, solar energy collectors, drying processes, and so on. 
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Since Benard's experimental work [1,2] followed by Rayleigh's theoretical work [3], dating back 
to the early 20th century on natural convection, many experimental, theoretical and numerical 
studies closely related to Rayleigh-Bénard's convection have been carried out. As is known from the 
results of most of these studies, the natural convection problem (Rayleigh-Bénard convection)in two 
or three dimensional confined cavities manifests a strong sensitivity to very feeble deviations in the 
values of certain parameters such as the Rayleigh (or Grashof) number, the Prandtl number, the 
aspect ratio of the cavities and the thermal boundary conditions. This phenomenon reveals a variety 
of complex flow behaviors (instability, symmetry, breaking, bifurcation and chaos) this is highlighted, 
for example, by the investigations of Gelfgat et al., Erenburg et al., and Lappa [4-7]. Further 
investigations were highlighted recently by Gelfgat [8]. 

Mechanism of momentum and energy transport in a two-dimensional geometrical configuration 
has already been studied extensively in a structured and global way. The dynamic and thermal fields, 
as well as the effects of relevant parameters specific to this phenomenon, have been determined, 
analyzed and presented in numerous scientific publications. But until today, this category of research 
continues to be developed and published in the literature, as evidenced by the work of Hdhiri and 
Ben Beya, Sivasankaran et al., Ali Khaleel Kareem et al., and Brahim El moustaine and Cheddadi [9-
12]. However, all geometric configurations encountered in reality are three-dimensional. Transient 
three-dimensional natural convection has been the subject to a wide range of very intensive 
theoretical, experimental, and numerical studies, as witnessed the number of excellent review 
articles reported in the literature by Yang, Bodenschatz et al., Lappa, Baïri et al., Kadhim Hussein et 
al., Öztop et al., Soman et al., and Arun et al., [13-20]). 

In contrast to time-dependent three-dimensional natural convection, research efforts extended 
to time-dependent three-dimensional mixed convection have been relatively scarce. So far, only a 
few studies dealing with this problem have become available in the literature and can mainly be 
arranged into four categories depending on various combinations of the imposed temperature 
gradients. 

The first category considers cavities heated from below and cooled from the top moving wall. The 
other remaining walls of the cavity are adiabatic and motionless (the well-known Rayleigh–Bénard 
convection). Mohammad and Viskanta [21] examine a shallow rectangular cavity filled with liquid 
gallium, either in the absence or in presence of lid motion. Their experimental and numerical results 
show that the effect of the lid motion is to reorganize the flow and to make the flow structure quasi-
two-dimensional for Richardson numbers less than unity. Prassad and Koseff [22] investigated 
experimentally the recirculating mixed convection flow within a lid-driven cavity of rectangular cross-
section and varying depth, filled with water. Their experimental results present correlations of 
Nusselt and Stanton numbers obtained from mean values of heat transfer over the entire lower 
boundary for a wide range of Richardson and Reynolds numbers. Teamah et al., [23] studied 
numerically the mixed convection in a cubical lid-driven cavity filled with air. Richardson's numbers 
vary between 0.1 and 10. Among the main results, a correlation has been proposed to link the mean 
Nusselt number vs the Richardson number at the midsection of the cavity. Abo Elazm et al., [24] 
considered the same geometric configuration, mentioned earlier, but this time the Richardson 
number is very small ranging from 5 × 10−5 to 3 × 10−4.They observed that the average Nusselt number 
on the upper and lower surfaces decreased for all sections inside the cavity when the Richardson 
number increases. As in the previous study, a correlation was formulated for each section on both 
walls for the average Nusselt number as a function of the Richardson number with a maximum error 
of 7.3%. Ben Mansour et al., [25] have documented another study similar to the two studies already 
mentioned. They presented the dynamic and thermal field characteristics for Richardson number 
values ranging from 10-3 to 10. In addition, multiple correlations in terms of heat transfer rate and 
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Richardson number were established. Sidik [26] presented numerical investigation of two-
dimensional natural convection in a square cavity heated from bottom and symmetrical cooling from 
the sides. The study based the lattice Boltzmann method and the well-known finite difference 
technique is considered. The flow and thermal variables were solved using two different distribution 
functions. Results indicated that the combination of finite difference with double population thermal 
lattice Boltzmann model is highly efficient and stable numerical technique for low and moderate 
Rayleigh number computations. Benderradji et al., [27] conducted numerical simulation of mixed 
convection problem in three-dimensional cubic cavity subjected to an external flow entering the 
lower part of the left vertical wall with constant velocity. The investigation focused on the prediction 
of the flow structure for dominated natural convection (for small values of Re number) and flow 
structure for dominated forced convection (for high values of Re number). Results showed a Multi 
clear structure stationary flow regime having cells that strongly depend on Gr and Re numbers. 
Nusselt number could be expressed a power law function of the form Nu = c Grd. 

The second category examines cavities heated from the top moving wall and cooled from below 
(stable vertical temperature stratification). It should be noted that in contrast to the first category 
where the temperature gradient act in parallel to gravity is negative, in this second category, this 
gradient is always parallel to gravity but positive. Mohammad and Viskanta [28] examined a shallow 
rectangular cavity filled with water for a range of Rayleigh number and Richardson number. They 
showed interesting characteristics of the flow behavior, including longitudinal circulations under 
certain flow conditions. They also concluded that the flow is three or quasi-three dimensional in 
nature. Iwatsu and Hyun [29] calculated flows in a cubic cavity filled with air. The Reynolds number 
varies between 102 and 2 x 103 whereas the Richardson number varies between 0 and 10. Their 
results highlight the three-dimensional effects of the flow in the cavity depending on the combination 
of Reynolds and Richardson numbers. Ouertatani et al., [30] reported a similar numerical study, but 
in this particular case, the top and the bottom of the cavity move in the same direction with a 
constant velocity. Numerical simulations were performed by considering Reynolds numbers varying 
between 102 and 103 and Richardson numbers varying between 10-3 and 10. The authors observed 
that a remarkable heat transfer improvement of up to 76% could be reached only when the Reynolds 
number is 400 and the Richardson number is 1. 

The third category concerns cavities subject to a temperature gradient imposed via an opposite 
hot and cold sidewall. Contrary to the well-known Rayleigh–Bénard convection, the temperature 
gradient, in that case, is perpendicular (Instead of being parallel) to gravity. Benkacem et al., [31] 
numerically examined a cubic cavity filled with air. Simulations were performed with Reynolds 
numbers in the range 102 ≤ Re ≤ 103, and Richardson numbers: 10-3 ≤ Ri ≤ 10. The effects of the 
different combinations of these numbers on the fluid flow and heat transfer have been presented. 
More recently, Rani et al., [32] considered exactly the same problem with the same characteristics of 
the fluid. Sidik and Tanahashi [33] carried out numerical simulation for the natural convection flow 
in a three-dimensional cubic cavity with hot temperature on the left side and cold temperature on 
the right side and the other faces were considered adiabatic. The numerical computations were 
carried out for Rayleigh number of 103, 104 and 105 to test the validity of the 3D eight-velocity and 
3DQ8 thermal lattice Boltzmann model. Results showed a good prediction predicted of the flow 
features for different Rayleigh numbers. 

The fourth category concerns an extension of the old studies of Guo and Sharif [34], and Aydin 
and Yang [35] from the laminar flow regime in a square cavity to the turbulent flow regime in a cubic 
square cavity. The sidewalls of the cavity are isothermal and moving in the same direction to gravity, 
a heat source is placed in the center of the bottom wall. The rest domain parts are adiabatic. Guo 
and Sharif [34] imposed a constant heat flux whereas Aydin and Yang [35] considered a fixed 
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temperature. Despite the importance of this geometric configuration (e.g. air cooling of the 
electronic devices), only very limited works have been published recently by Khaleel Kareem and his 
co-authors [36-38]. In the previous papers, the commercial CFD code ANSYS©FLUENT is used to solve 
the governing equations for the turbulent flow regime (The Reynolds number is between 5x103 and 
3x104whilst the Richardson number is between1 and 10). Different models such as Reynolds-
averaged Navier–Stokes (RANS), unsteady RANS (URANS), and large eddy simulation (LES) were used 
for turbulence modeling. In Khaleel Kareem and Gao and Khaleel Kareem et al., the cavity is filled 
with air while in Khaleel Kareem and Gao the cavity is filled with different types of nanofluids with 
different diameters of nanoparticles [36-38]. They observed interesting behaviors of the thermal and 
flow fields with changing the Reynolds or Richardson numbers. Increasing these numbers leads to an 
increase in the number of Nusselt and fluctuations in the kinetic energy of the fluid in the field. In 
addition, the comparison between the different turbulent models has elucidated clearly the 
advantages of the LES approach in predicting more detailed heat and flow structures. 

In light of these works, it seems interesting to note that buoyancy forces due to temperature 
gradient and forced convection due to shear forces cooperate to enforce a flow composed of two 
strictly symmetrical contra-rotating cells about the vertical midline of the moving sidewalls. The case 
where these two forces act competitively in a laminar flow regime (i.e. the velocity of moving 
sidewalls is opposite to gravity) has never been considered. This competition between the two forces 
can lead the flow to adopt, under certain conditions, intricate behaviors such as loss of symmetry, 
bifurcations and so on. Therefore, we wish to extend the study of Aydin and Yang [35] in a cubic 
cavity by considering, in this case, the direction of the velocity of the lateral walls constant and 
opposite to the gravity. 

 
2. Physical Model 

 
The schematic view of the geometric configuration investigated in the present study is shown in 

Figure 1. It consists of a cubic cavity of side length L. The lateral walls of this cavity are maintained at 
a constant cold temperature Tc and move upwards with a constant velocity V0. A heat source of size 
l = 3/5 of L is located at the center of the bottom wall of the cavity and maintained at a constant high 
temperature Th. All remaining parts of the cavity are considered adiabatic. 

 

 
Fig. 1. A schematic diagram of the 
cubic cavity 
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3. Mathematical Formulation 
 

The equations that express the conservation of mass, momentum and energy have been written 
in accordance with the following hypotheses: The flow is considered unsteady, laminar, and 
incompressible. The viscous dissipation term in the energy equation is neglected. Fluid properties are 
supposed constant, except the density in the buoyancy term of the momentum equation in the 
vertical direction (The Oberbeck-Boussinesq approximation). So, governing equations can be 
expressed in the dimensionless form, in the Cartesian coordinates, as follows 
 
Continuity equation 
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Energy equation 
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Here Re = V0L/ν, Pr = ν/α, Ri = Gr/ Re2 and Gr = gβΔTL3/ν2 are the Reynolds, the Prandtl, the 

Richardson and the Grashof numbers, respectively, and ΔT = Th-Tc is the temperature difference. The 
dimensionless variables used for this investigation are: 
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The numerical resolution of the previous equations is based on the following initial and boundary 

conditions 
 

 The initial conditions (τ = 0) are 
 

For the right and left wall 
 
V=1    (7a) 
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For the bottom wall 
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A zero value is assigned to all variables everywhere else. 

 

 The boundary conditions (τ> 0) are 
 

For the right and left wall 
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For the top wall 
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For the front and back wall 
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where ε=l/L is the dimensionless length of the heat source. 

The heat transfer rate at the hot part located at the bottom of the cavity is defined by the local 
Nusselt number, which is obtained from 
 

0

( , )
Y

Nu x z
Y






 


      (8) 

 
The integral of this number makes it possible to obtain the average Nusselt number. 
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4. Numerical Procedure 
 

The above set of governing equations, Eq. (1)-(5) subject to the given boundary conditions, Eq. 
(7a)-(7f) was discretized by a finite volume method using staggered grid. The power law scheme is 
used in the discretizing procedure to treat the convection and diffusion terms. The pressure-velocity 
coupling was dealt with SIMPLER algorithm Patankar [39]. The resulting nonlinear algebraic equations 
are solved using the line-by-line technique, combining the Thomas algorithm (tridiagonal matrix 
algorithm: TDMA) and the Gauss-Seidel method. The convergence criterion for each variable was 
examined at each time step. The relative variations of these variables between two successive 
iterations become smaller than 10-6. The numerical method described above was written using an in-
house FORTRAN program. 

Grid independence tests is carried out and the calculated average Nusselt number with Ri = 0.1, 
Re = 100 and Pr = 0.71 are obtained using grid sizes ranging from 61x61x61 to 121x121x121, with a 
spatial increment of 10, as given in Table 1 and presented in Figure 2(a). As a compromise between 
accuracy and CPU time, a non-uniform grid with 91 × 91 × 91grid points, as depicted in Figure 2(b), is 
adopted since the relative error on the average Nusselt numbers is less than 0.6% compared to that 
of the grid with 121x121x121grid points. 

To validate the in-house computational code, a comparison is made with the results of Iwatsu 
and Hyun [29] with respect to the investigation of mixed convection in a lid-driven cubic cavity with 
a vertical temperature gradient. The top wall is maintained at a higher temperature than the bottom 
wall while all the other walls are thermally insulated. The average Nusselt number, for different 
values of Richardson and Reynolds numbers, indicated in Table 2, shows a very good agreement 
between the present results and the results obtained by Iwatsu and Hyun [29]. 

 
Table 1 
Comparison of average Nusselt Number at different grid 
sizes 
Grid size Average Nusselt number Relative Error (%) 

61×61×61 2.98 11.2 
71×71×71 3.24 3.45 
81×81×81 3.31 1.35 
91×91×91 3.336 0.56 
101×101×101 3.342 0.39 
111×111×111 3.35 0.15 
121×121×121 3.355 - 

 

  
(a) (b) 

Fig. 2. (a) The effect of grid refinement on the average Nusselt number (b) Schematic view of 
the grid distribution of computational domain 



Journal of Advanced Research in Fluid Mechanics and Thermal Sciences 

Volume 57, Issue 2 (2019) 275-287 

282 
 

Table 2 
Comparison of the average Nusselt number obtained in the 
present study with those obtained by Iwatsu and Hyun [29] 
  Re = 102 Re = 4.102 Re = 103 

Ri = 0.001 Present study 1.825 3.975 6.98 

Iwatsu & Hyun [26] 1.82 3.99 7.03 

Relative Error (%) 0.27 0.37 0.71 
Ri =1 Present study 1.343 1.521 1.789 

Iwatsu & Hyun [26] 1.33 1.50 1.80 
Relative Error (%) 0.97 1.3 0.6 

Ri = 10 Present study 1.092 1.158 1.395 

Iwatsu & Hyun [26] 1.08 1.17 1.37 

Relative Error (%) 1.09 1.02 1.79 

 

5. Results and Discussion 
 
Computations are carried out for a fixed Reynolds number Re=100 and Prandtl number Pr = 0.71. 

The non-dimensional heated part is kept to 0.6. Results are sketched by gradually increasing 
Richardson number and compared with 2-D cases. Figure 3 shows the stream lines and isotherms 
contours at the planes z = 0.25, 0.5 and 0.75 for 3Dand 2-D cases for Richardson number 0.1, which 
corresponds to forced convection regime. The flow solution is characterized by a two-symmetric 
counter rotating cells. The air is essentially driven by the sidewalls shear forces. Due to the subsidiary 
effect of the buoyant forces, the temperature is stratified at the lower part of the cavity. The air 
driven to the core of the cavity has lower temperature then the side parts at the same depth. By 
increasing Richardson number, the buoyant effect becomes more discernible. 

 

   
Z = 0.25 Z = 0.5 Z = 0.75 

(a) Streamlines and isotherms 3D 

   
(b) isotherms 3D (c) Streamlines 2D (d) isotherms 2D 

Fig. 3. Streamlines and isotherms for Re = 100, Prandtl Pr = 0.71 and Richardson number 0.1, (a,b) 3D case, 
(c,d) 2D case 
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As Richardson number exceed approximately 2.5 for 3-D case and 4.5 for 2-D case a new branch 
of solution could be observed, where the solution starts to deviate from the symmetrical behaviour. 
The onset of deviation starts for a Richardson number between 2.5 and 3 for 3-D case and 4.5 and 5 
for 2-D case. Figure 4 represents the plot of stream function and isotherms for Ri=5 at the planes z = 
0.25,0.5, 0.75 for 3D and 2-D cases. The flow is characterized by an asymmetric counter rotating cells. 
A large cell occupied the two third of the cavity and a small one on the right side of the cavity. The 
isotherms show an asymmetric distribution of the temperature as well and the thermal gradient is 
more pronounced on the left side of the cavity. it was observed that the large cell is a buoyant 
induced cell and the right one is shear induced one. Note that the current behaviour was not 
observed in the cases studied by Aydin and Yang [35] and Guo and Sharif [34].  

 

   
Z = 0.25 Z = 0.5 Z = 0.75 

(a) Streamlines and isotherms 3D 

 
 

 

(b) isotherms 3D (c) Streamlines 2D (d) isotherms 2D 
Fig. 4. Streamlines and isotherms for Re = 100, Prandtl Pr = 0.71 and Richardson number 5, (a,b) 3D case, (c,d) 
2D case 

 

An abrupt transition to a new branch solution could be observed as Ri reaches 6.3 (Figure 5). Two 
pairs of symmetric counter rotating cells characterized the new flow behaviour. Two primary cells at 
the center of the cavity with a pronounced circulation and the outer cells are stretched near the 
sidewalls. The results of this investigation discern that the heat transfer rate depend to the nature of 
convection and the heat source emplacement (high rate near the back and front walls due to the high 
temperature gradient and minimum at the center of the cavity). 

Figure 6 show the temperature isosurfaces distribution at the cavity from θ = 0.9 at the bottom 
to θ = 0.1 at the top, in the three cases studied the back half domain in (0 < z < 0.5) is symmetric to 
the front half (0.5 < z < 1) and the part affected by heat transfer near the walls is high than the center 
of the cavity. 
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Z = 0.25 Z = 0.5 Z = 0.75 

(a) Streamlines and isotherms 3D 

   
(b) isotherms 3D (c) Streamlines 2D (d) isotherms 2D 

Fig. 5. Streamlines and isotherms for Re = 100, Prandtl Pr = 0.71 and Richardson number 6.3, (a,b) 3D case, 
(c,d) 2D case 

 

 

 

 
Ri=0.1                                                                    Ri=5                                                                    Ri=10                                                                   

Fig. 6. Temperature Isosurfaces for different Ri number, Ri = 0.1, 5 and 10 
 

Figure 7 shows the variation of the average Nusselt number as function of Ri number for the 2D 
and 3D cases, respectively. The overall trend is an increase of Nusselt number with increasing Ri 
number for both cases and a minor difference could be observed between the two curves. This result 
confirms that of Hernandez [40] 

At low Ri number values (Ri < 8), the appearance of minimum and maximum peaks could be 
obtained which characterize the transition of the heat transfer regimes. The transition from the 
forced convection (two symmetric vortices) to the mixed convection (two asymmetric vortices) 
happens at Ri = 2.51 and Ri = 4.7 for the 3D and 2d cases, respectively. Then, the second transition 
from mixed convection to natural convection (four symmetrical vortices) happens at Ri = 6.29 and Ri 
= 7 for the 3D and 2d cases, respectively. 
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Fig. 7. Average Nusselt number versus Ri number for 2-D and 3-D 

 
6. Conclusions 
 

Numerical investigation for two-dimensional cavity with sliding sidewalls and heated partially from 
the bottom wall has been performed. Based on the results found in the present study, the following 
remarks are given. 

I. The flow behaviour was characterized by multiples solutions branches. The heat transfer 
process was strongly affected by the dominant heat convection regime.  

II. The rate of heat transfer increased in the case of asymmetric branch which is characterized 
by a dominance of natural convection mode.  

III. The circulations induced by the shear forces prevent the increase of the heat transfer. 
IV. The critical Ri numbers that characterize the transition from the forced convection (two 

symmetric vortices) to the mixed convection (two asymmetric vortices) and then to the 
natural convection (four symmetrical vortices) were identified for the 2D and 3d cases, 
respectively.  
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