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An investigation has been conducted to study the steady stagnation point flow and
heat transfer in a porous medium caused by an exponentially stretching/shrinking
sheet. Using a similarity transformation, the governing system of partial differential
equations are transformed into a system of ordinary differential equations. The system
of ordinary differential equations is then solved numerically using a shooting method
in Maple software. The effect of the governing parameters on the skin friction
coefficients and the local Nusselt numbers as well as the velocity and temperature
profiles are analysed and discussed. Results obtain in this study are illustrated
graphically. The range of parameter 𝐶 where the similarity solution exists for the
steady stagnation point over an exponentially shrinking sheet in porous medium is
larger than linear shrinking sheet.
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1. Introduction
Over the last few decades, the study of the shrinking aspect has gained interest from various
researchers to study the change in the behavior of fluid flow over a shrinking sheet. Wang [1] was
the first researcher that initiates the discussion of the fluid flow towards a shrinking sheet. Later on,
Miclavčič and Wang [2] have proven the existence of solutions in numerical and exact solutions for a
few values of the suction parameter. Since then, the work of Wang has been extended to many other
researchers by considering many different physical conditions. After that, Wong et al., [3] have
proven the numerous unique characteristics of the shrinking sheet problem. In addition, Nadeem and
Awais [4] were also interested in studying the flow over the shrinking sheet in a porous medium. At
a later date, Ishak et al., [5] were concerned about the numerical solution for the micropolar fluid
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flow over the shrinking sheet and found that the solutions obtained were not unique, which differed
from the stretching case.
Many of the shrinking problem that was studied considered only the linear or nonlinear shrinking
sheet, while the study of exponential shrinking sheet is relatively limited although it is significantly
important in many engineering applications. Wong et al., [3] have studied the stagnation point flow
over an exponentially stretching/shrinking. In extension of that, Bhattacharyya [6] investigated the
flow and heat transfer over an exponentially shrinking sheet where it is shown that if the value of
suction parameter is greater than the critical value, there is a possibility that the fluid flow will be in
a steady state. Later on, Bhattacharyya and Vajravelu [7] studied stagnation point flow and heat
transfer over an exponentially shrinking sheet. Bachok et al., [8] further investigated the boundary
layer stagnation point flow and heat transfer over an exponentially stretching/shrinking sheet in a
nanofluid and it is found that the range of similarity solutions that exist in exponential shrinking case
is larger than in the linear shrinking sheet. Rohni et al., [9] considered the flow to be due to
exponentially vertical shrinking sheet with the effect of suction. In addition, Kasmuri et al., [10]
conducted the study of the boundary layer stagnation point flow and heat transfer past a permeable
exponentially shrinking sheet. While, Rosali et al., [11] considered a rotating flow over an
exponentially shrinking sheet with a suction effect. Merkin et al., [12] explored the stagnation-point
flow and heat transfer over an exponentially stretching/shrinking cylinder and reported that as the
curvature parameter increases, the heat transfer rate also increases and the solution for a shrinking
cylinder is found to be non-unique.
In recent years, Kamal et al., [13] have performed the stability analysis on the stagnation-point
flow and heat transfer over a permeable stretching/shrinking sheet with heat source effect and it is
noticed that additional energy is generated in the boundary layer in the presence of heat source.
Rahman et al., [14] analysed the steady 2-dimensional stagnation-Point Flow over an Exponentially
Stretching/Shrinking Sheet in nanofluid with the effects of magnetohydrodynamic (MHD). They
found that the skin friction coefficient increases as the magnetic field parameter increases.
Furthermore, Lund et al., [15,16] investigated the magnetohydrodynamic fluid flow towards an
exponentially stretching/shrinking sheet. In the same year, Lund et al., [17] investigated the DarcyForchheimer flow of Casson type nanofluid over an exponentially sheet. Afterwards, Wahid et al.,
[18] investigated the flow of magnetohydrodynamic Casson fluid over a linear stretching surface in
porous medium with slip condition. Mohamad et al., [19] studied the effect of suction on the
stagnation point flow and heat transfer over a stretching/shrinking sheet in a porous medium along
with the stability analysis. They reported that dual solutions exist for a certain range of shrinking case
and these results are in excellent agreement with previous studies. Wahid et al., [20] examined
magnetohydrodynamic (MHD) slip Darcy flow of viscoelastic fluid over a stretching surface in a
porous medium with the presence of thermal radiation and viscous dissipation. They found that the
skin friction coefficient increases for larger magnetic field and porosity parameter. Lund et al., [21]
recently have conducted a study to examine the effect of Joule heating and viscous dissipation on
MHD flow of micropolar fluid over an exponentially shrinking sheet. From this study, it is found that
two solutions exist for the case of Newtonian fluid whereas three solutions exist for the case of nonNewtonian fluid.
The problem of suction or injection has become significantly important in various sectors of
industry. Suction or injection is found to be important in delaying the separation of boundary layers
in order to reduce drag. For example, suction or injection through the fluid will change the flow field
as in the mass transfer cooling where it will ultimately influence the rate of heat transfer of the plate.
Generally, the skin friction coefficient and heat transfer will increase due to the effect of suction
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whereas the opposite is shown in for the case of injection. This suction or injection theory has played
an important role in many engineering applications, for example in the thermal oil recovery process.
Motivated by all these investigations, the purpose of this present paper is to investigate the
stagnation point flow and heat transfer over an exponentially shrinking sheet in a porous medium
with suction effect. In order to understand the characteristics of fluid flow and heat transfer, results
for the skin friction coefficient, the local Nusselt number, the velocity profiles as well as the
temperature profiles are obtained and discussed for different values of governing parameters.
2. Methodology
We consider a steady, laminar and two-dimensional boundary layer stagnation-point flow of an
incompressible viscous fluid over an exponentially shrinking sheet in a porous medium (see Figure
1). We assumed that the free stream and the stretching/shrinking velocities are respectively in the
𝑥

𝑥

forms 𝑈𝑒 = 𝐴 𝑒𝑥𝑝 (𝐿 ) and 𝑈𝑤 = 𝐵 𝑒𝑥𝑝 (𝐿 ) where 𝐴 and 𝐵 are constants, 𝑥 is the coordinate
measuring distance along the stretching/shrinking sheet and 𝐿 is a characteristics length scale (see
Stewartson [22]). We note that 𝐵 > 0 and 𝐵 < 0 correspond to stretching and shrinking sheet.
Under these assumptions, the governing equations of motion and the energy are written as
𝜕𝑢
𝜕𝑥

𝜕𝑣

+ 𝜕𝑦 = 0

𝜕𝑢

𝜕𝑢

(1)

𝑢 𝜕𝑥 + 𝑣 𝜕𝑦 = 𝑈𝑒
𝜕𝑇

𝜕𝑇

𝑑𝑈𝑒
𝑑𝑥

𝜕2𝑢

𝜈

+ 𝜈 𝜕𝑦 2 + 𝐾 (𝑈𝑒 − 𝑢)
1

𝜕2 𝑇

𝑢 𝜕𝑥 + 𝑣 𝜕𝑦 = 𝛼 𝜕𝑦 2

(2)
(3)

where 𝑢 and 𝑣 are the velocity components in 𝑥 − and 𝑦 − directions respectively , 𝜈 (= 𝜇/𝜌) is the
kinematic viscosity, 𝜌 is the density, 𝜇 is the coefficient of viscosity, 𝑇 is the fluid temperature, 𝛼 is
the thermal diffusivity and 𝐾1 is permeability of the porous medium. The boundary conditions are
given by:
𝑥

𝑢 = 𝑈𝑤 , 𝑣 = 𝑉𝑤 = 𝑉0 𝑒𝑥𝑝 (2𝐿)
𝑥

𝑇 = 𝑇𝑤 = 𝑇∞ + 𝑇0 𝑒𝑥𝑝 (2𝐿)
𝑢 → 𝑈𝑒 (𝑥) ,

𝑇 → 𝑇∞

𝑎𝑡 𝑦 = 0

𝑎𝑠 𝑦 → ∞

(4)

where 𝑇𝑤 is the variable temperature at the sheet and 𝑇∞ is the free stream temperature assumed
to be constant.
The nonlinear system of partial differential Eq. (1) to (3) subject to the boundary conditions in Eq.
(4) can be expressed in a simpler form by introducing the given similarity transformation (see
Bhattacharyya and Vajravelu [7] and Bachok et al., [8]):
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Fig. 1. Physical model of two-dimensional stagnation point flow
towards an exponentially stretching/shrinking sheet
𝐴

1
2

𝑥

𝜂 = 𝑦 (2𝜈𝐿 ) 𝑒𝑥𝑝 (2𝐿 )
1

𝑥

𝜓 = (2𝜈𝐿𝐴)2 𝑓(𝜂)𝑒𝑥𝑝 (2𝐿 )
𝑇−𝑇∞

𝜃(𝜂) = 𝑇

(5)

𝑤 −𝑇∞

where 𝜂 is the similarity variable and 𝜓 is the stream function defined as 𝑢 =

𝜕𝜓
𝜕𝑦

𝜕𝜓

and 𝑣 = − 𝜕𝑥 ,

which identically satisfies Eq. (1). Substituting Eq. (5) into Eq. (2) to (4), we get the following system
of differential equations
𝑓 ′′′ + 𝑓𝑓 ′′ + 2 − 2(𝑓 ′ )2 + 2𝐾(1 − 𝑓 ′ ) = 0
1
𝑃𝑟

𝜃 ′′ + 𝑓𝜃 ′ − 𝑓 ′ 𝜃 = 0

(6)
(7)

subject to the boundary conditions
𝑓(0) = 𝑆 ,
𝑓 ′ (𝜂) → 1 ,

𝐵

𝑓 ′ (0) = 𝐴 = 𝐶 ,
𝜃(𝜂) → 0

𝑎𝑠

𝜃(0) = 1
𝜂→ ∞

(8)

where prime denotes differentiation with respect to 𝜂. Here 𝑃𝑟 = 𝜈/𝛼 is the Prandtl number and
𝐾 = 𝜈/(𝐴𝐾1 ) is the permeability parameter. The mass transfer parameter is given by 𝑆 =
−𝑉0 √2𝐿/𝜈𝐴 where 𝑆 > 0 is for suction and 𝑆 < 0 is for injection. Parameter 𝐶 is referring to
stretching when 𝐶 > 0 and shrinking when 𝐶 < 0 and is defined as 𝐶 = 𝐵/𝐴. The skin friction
coefficients and the local Nusselt number can be expressed as
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𝜏

𝐶𝑓 = 𝜌𝑈𝑤

𝑒

𝐿𝑞𝑤

,

𝑁𝑢𝑥 = 𝑘(𝑇

(9)

𝑤 −𝑇∞ )

where the shear stress 𝜏𝑤 and the surface heat flux 𝑞𝑤 are given by
𝜕𝑢

𝜏𝑤 = 𝜇 (𝜕𝑦)

𝜕𝑇

,

𝑞𝑤 = −𝑘 (𝜕𝑦)

𝑦=0

𝑦=0

(10)

with 𝜇 and 𝑘 are the coefficient of viscosity and thermal conductivity, respectively. Using the
similarity variables given by Eq. (5), we obtain
1

2𝐶𝑓 𝑅𝑒𝑥 2 = 𝑓 ′′ (0)

(11)
1

−
√2 𝑁𝑢𝑥 = −𝜃 ′ (0)𝑅𝑒𝑥 2

where 𝑅𝑒𝑥 =

𝑈𝑒 𝐿
𝜈

(12)

is the local Reynolds number.

3. Results and Discussion
The nonlinear ordinary differential Eq. (6) and (7) satisfying the boundary conditions in Eq. (4)
were solved numerically for some values of governing parameters by using shooting techniques in
MAPLE software. To check the validity of the findings, we have compared our results with those
reported by Wang [1] and Ishak et al., [5] when 𝑃𝑟 = 1, 𝐾 = 0 and 𝑆 = 0 which means there is no
suction effect is taken into account for different values of stretching/shrinking parameter 𝐶 . For
different values of 𝐶 , the present results agree to six decimal places and that is consistent with the
previously reported results by Wang [1] and Ishak et al., [5]. The comparison showed an excellent
agreement as presented in Table 1.
The variations of 𝑓 ′′ (0) and −𝜃 ′ (0) with 𝐶 are shown in Figure 2 to 5 for some values of 𝑆. In this
particular study, there are three values of 𝑆 that have been considered for each cases which are 𝑆 =
0.3, 0.5 and 0.8 for the case of suction and 𝑆 = −0.3, −0.5 and −0.8 for the case of injection. Figure
2 and 3 show the effect of mass transfer parameter 𝑆 on the skin friction coefficient 𝑓 ′′ (0) and the
local Nusselt number −𝜃 ′ (0) respectively, with parameter 𝐶 when 𝐾 = 0.5, 𝑃𝑟 = 1 and 𝑆 = 0.3, 0.5
and 0.8. From these figures, it is observed that skin friction coefficient and the local Nusselt number
increases with the increase in parameter 𝑆. Physically, this is due to the suction effect which increases
the shear stress on the surface and therefore increases the velocity gradient at the surface which is
compliance with Figure 2. This observation is in agreement with the fact that the fluids tend to move
faster in the presence of the suction effect. In addition, increase in parameter 𝑆 will lead to an
increase in the temperature gradient at the surface which indicates the heat transfer rate at the
surface. However, opposite effect illustrated in Figure 4 and 5 where the values of skin friction
coefficient and local Nusselt number found to be decreasing with the increase of injection parameter
𝑆 where 𝑆 = −0.3, −0.5 and -0.8.
It is also shown that for both suction and injection, dual solutions exist for a certain range of
values (𝐶𝑐 < 𝐶 < 0) for shrinking case, whereas the solution is found to be unique for stretching
case (𝐶 > 0). Table 2 presents the critical values of 𝐶 where 𝐶𝑐 < 0 for which there will be no
solutions to Eq. (6) and (7) subjected to Eq. (8) for 𝐶 < 𝐶𝑐 . From the table, it is also can be seen that
as the parameter 𝑆 increases, the range of value in which the solution exists for Eq. (6) and (7) also
increases. It is obviously shows that the effect of suction is to delay the boundary layer separation.
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The values of 𝑓′′(0) and −𝜃 ′ (0) for the present problem are tabulated in Table 3 and 4 for future
reference.
Table 1
Comparison of the values of 𝑓′′(0) for various values of 𝐶 when 𝑃𝑟 = 1
𝐶
-1.2465
-1.15
-1
-0.75
-0.5
-0.25
0
0.1
0.2
0.5
2
5

Wang [1]

Ishak et al., [5]

0.5543
1.08223
1.32882
1.4893-0
1.495670
1.40224
1.232588
1.146561
1.05113
0.71330
-1.8873
-10.26475

0.584295
1.082231
1.328817
1.489298
1.495670
1.402241
1.232588
1.146561
1.051130
0.713295
-1.887307
-10.264749

Present Results
𝐾=0
0.584357
1.082244
1.328819
1.489299
1.495670
1.402241
1.232588
1.146561
1.051130
0.713294
-1.887307
-10.264749

𝐾 = 1.3
2.770775
2.738766
2.668088
2.499344
2.274017
1.998308
1.676941
1.536472
1.389506
0.911451
-2.201200
-11.220925

Table 2
Values of 𝐶𝑐 for various values of 𝑆
when 𝑃𝑟 = 1 and 𝐾 = 0.5
𝑆
-0.8
-0.5
-0.3
0.3
0.5
0.8

𝐶𝑐
-1.717
-1.814
-1.891
-2.176
-2.292
-2.484

Table 3
Values of 𝑓′′(0) for different values of 𝐶 and 𝑆, for stretching (𝐶 > 0) and shrinking
(𝐶 < 0) when 𝑃𝑟 = 1 and 𝐾 = 0.5
𝑓′′(0)
𝐶
-2.17

-1.4

𝑆 = 0.3
1.463573
(0.935886)
1.841237
(0.568230)
2.549706
(-0.083697)
3.018658
(-0.599927)
3.359343

𝑆 = 0.5
2.601829
(0.170142)
2.728319
(0.047535)
3.146500
(-0.347189)
3.482118
(-0.608294)
3.698039

-1
-0.5
0
0.2
0.4
0.6
0.8

3.295335
2.858954
2.129271
1.769246
1.374345
0.946674
0.488039

3.556124
3.043342
2.247566
1.862759
1.443741
0.992504
0.510760

-2.14
-2
-1.8

𝑆 = 0.8
3.688296
(-0.386231)
3.754543
(-0.458505)
3.991763
(-0.715140)
4.182055
(-0.898571)
4.225607
(-0.369709)
3.965345
3.333159
2.433737
2.009582
1.552644
1.064385
0.546377

( ) second solution
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Table 4
Values of −𝜃 ′ (0) for different values of 𝐶 and 𝑆, for stretching (𝐶 > 0) and shrinking
(𝐶 < 0) when 𝑃𝑟 = 1 and 𝐾 = 0.5
−𝜃 ′ (0)
𝐶
-2.17
-2.14
-2
-1.8
-1.4
-1
-0.5
0
0.2
0.4
0.6
0.8
( ) second solution

𝑆 = 0.3
-0.975855
(-0.975855)
-0.742692
(-1.699225)
-0.332351
(-2.793040)
-0.031280
(-4.876110)
0.343758

𝑆 = 0.5
-0.387015
(-2.390869)
-0.316044
(-2.634757)
-0.069062
(-3.808866)
0.173463
(-9.245486)
0.509865

0.607561
0.866573
1.080853
1.158000
1.231274
1.301167
1.368074

0.758160
1.007023
1.215302
1.290670
1.362408
1.430957
1.496678

𝑆 = 0.8
0.090972
(-4.273465)
0.131897
(-4.712433)
0.297002
(-8.166168)
0.485283
(-95.893382)
0.774048
(2.816540)
0.999238
1.231873
1.430024
1.502308
1.571350
1.637520
1.701123

As illustrated in Figure 2 to 5, it is shown that the range of 𝐶 in which the similarity solution exists
is larger in the case of exponentially shrinking sheet as compared to the range of values 𝐶 where the
solution exists for the linear shrinking case (see Bhattacharya and Vajravelu [7]). Hence, it is clear
that in the exponential case, the shrinking rate is seems to be faster than the linear case. By referring
to the Figures 2 and 4, it is also observed that for exponential case, the range of which dual solutions
occur increases and the second solution found to be exists even when the rate of shrinking is as low
as (𝐶 = −1.5).

Fig. 2. The variation of the skin friction coefficient 𝑓 ′′ (0) with 𝐶 for 𝑆 =
0.3, 0.5 and 0.8 when 𝑃𝑟 = 1 and 𝐾 = 0.5
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Fig. 3. The variation of the local Nusselt number −𝜃 ′ (0) with 𝐶 for 𝑆 =
0.3, 0.5 and 0.8 when 𝑃𝑟 = 1 and 𝐾 = 0.5

Fig. 4. The variation of the skin friction coefficient 𝑓 ′′ (0) with 𝐶 for 𝑆 =
−0.3, −0.5 and -0.8 when 𝑃𝑟 = 1 and 𝐾 = 0.5

Fig. 5. The variation of the local Nusselt number −𝜃 ′ (0) with 𝐶 for 𝑆 =
−0.3, − 0.5 and −0.8 when 𝑃𝑟 = 1 and 𝐾 = 0.5
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Figure 6 and 7 show the velocity and temperature profiles respectively for the case of suction
(𝑆 > 0) when 𝐶 = −2.15 (shrinking). From Figure 6, it can be seen that as the value of suction
parameter 𝑆 increases, the velocity profile also increases in the first solution but decreases as for the
second solution. It is also found that the suction effect raises the thickness of the boundary layer as
the parameter of 𝑆 increases. As a result, the surface shear stress increases hence, the skin friction
increases as demonstrates in Figure 2. Figure 7 shows that the increase in the value of suction
parameter 𝑆 will reduce the temperature profile as seen in the first solution but increases in the
second solution. It is noticed that the suction effect reduces the thickness of the thermal boundary
layer and in turn leads to an increase in the temperature gradient at the surface.

Fig. 6. Velocity profiles 𝑓′(𝜂) for different values of 𝑆 when 𝐶 = −2.15
(shrinking), 𝑃𝑟 = 1 and 𝐾 = 0.5

Fig. 7. Temperature profiles 𝜃(𝜂) for different values of 𝑆 when 𝐶 =
−2.15 (shrinking), 𝑃𝑟 = 1 and 𝐾 = 0.5

Whereas, Figure 8 and 9 present the velocity and temperature profiles respectively for the case
of injection (𝑆 < 0) for certain values of 𝐶 < 0 (shrinking). From Figure 8, it is shown that the velocity
profiles decrease as the injection parameter 𝑆 increases for both first and second solutions. In Figure
9, it shows that there is an increment in the temperature profile when the value of injection
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parameter 𝑆 increases for both first and second solutions. Therefore, in these figures, it can be
observed that both of the first and second solution profiles asymptotically satisfied the far field
boundary conditions. Hence, this confirmed the validity of the results obtained while supporting the
dual nature of solutions shown in Figure 2 to 5.

Fig. 8. Velocity profiles 𝑓′(𝜂) for different values of 𝑆 and 𝐶 when 𝑃𝑟 =
1 and 𝐾 = 0.5

Fig. 9. Temperature profiles 𝜃(𝜂) for different values of 𝑆 and 𝐶
when 𝑃𝑟 = 1 and 𝐾 = 0.5

4. Conclusions
In this paper, a numerical study has been performed for the case of steady stagnation point flow
and heat transfer over an exponentially shrinking sheet in a porous medium with the effect of suction.
The governing boundary layer equations were solved numerically using the shooting method. The
skin friction coefficient and the local Nusselt number with the effect of suction have been obtained
and analysed along with the velocity and the temperature profiles. The numerical solutions to the
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present problem are found to agree excellently with previously reported results for 𝐾 = 0 and 𝑆 =
0. It is found that:
i. For the stretching cases(𝐶 > 0), the solution is unique while the dual solutions exist for the
shrinking cases(𝐶 < 0).
ii. The skin friction coefficient and local Nusselt number increases with an increase in suction
parameter.
iii. The skin friction coefficient and local Nusselt number decreases with an increase in injection
parameter.
iv. As the mass transfer parameter 𝑆 increases, the range for which the solutions exist is also
increases. Therefore, the effect of suction is to widen the range of solutions to exist.
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