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Abstract

Blood flow analysis is a study of measuring the blood pressure and finding its equivalent
flow rate, velocity profile and wall shear stress. In this article, the relationship between
blood pressure gradient, velocity profile, centreline velocity, volumetric flow rate and wall
shear stress is determined analytically through a Graphical User Interface (GUI) developed
using MatLab. If one of these time-dependent blood flow properties is known, i.e. pressure
gradient, velocity profile, volumetric flow rate or wall shear stress, then the remaining
properties can be calculated. A code is developed to solve these blood flow properties. Any
time-dependent blood properties can be used as input data. These data are then digitized
and saved in this code. Subsequently, these data are curve-fitted using the Fourier series.
The corresponding coefficients of Fourier series are then used to calculate the blood
property. Once this is obtained, the remaining three other flow properties can be
subsequently calculated. This GUI serves as a learning tool for students who wish to

pursue his/her knowledge in understanding the relationship of various blood flow properties
of pulsatile blood flow as well as the mathematics governing pulsatile flows.

Keywords: Exact Solution; Pulsatile Flow; Blood Flow Properties; Fourier Series;
GUI MatLab.

Introduction

Pulsatile flow theory has been the topic of intense research over several decades. Stokes’s

second problem can be considered as the first mathematical treatment of a simple oscillatory
motion. Following this, various studies, both theoretical and experimental have taken place and
their summaries can be found in the survey carried out by Rott and White [1]. Studies from
Womersley [2] have also been universally cited. Hale, McDonald, and Womersley [3] studied the
velocity distribution across the femoral artery of a dog. The velocity profiles were drawn of the
harmonic components of this flow based upon experimental data derived from the femoral artery.
The corresponding maximum viscous drag had been calculated. Womersley J. R. (1955) [2] derived
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the exact solution for a homogeneous, incompressible, Newtonian fluid flow in a rigid, cylindrical
tube and introduced a dimensionless variable, called the Womersley Number, a. The solution
proposed for the motion of a liquid in a circular tube was in the form of a pressure gradient which
was a periodic function of time. The corresponding calculation of flow rate from an observed
pressure gradient was described. It was also shown that there exist a phase-lag between the flow
rate of the liquid and the pressure gradient which served as a driving function. The calculation of
flow rate from an observed pressure gradient was described.

With the rise in availability of computer programs and softwares, the Womersley calculation
can now be performed easily without involving extensive manual mathematics. The Womersley
analysis is suitable for an arbitrary periodic waveform. Therefore, the calculation of the solution for
a range of physiological blood properties can be determined if one of the flow properties is known.
This in return, can provide important physical insight of fluid mechanics of pulsatile flows. X. He,
David. N. Ku and James E. Moore Jr. [4] developed a computer program code using Mathematica
that can be used to perform the Womersley calculation. It also calculates the pulsatile centreline
velocity and wall shear stress from an input driving function of pressure gradient.

This article outlines the exact solution method for calculating the blood flow properties if one
of the driving functions are given. It also provides an explanation of the GUI MatLab program that
is developed to perform the calculation. The waveform shape of pulsatile hemodynamics in a rigid
straight cylindrical tube can be explored by manipulating the program code.

2. Methods
2.1 Mathematical formulation

In order to design better strategies for diagnosis and treatment, a better understanding of both
physiological and pathological aspects of blood flow is needed. Since most conduits for the flow of
fluids within the human body are cylindrical or nearly so, such as arteries and veins and because of
the sensitivity of vessel wall cells to the applied shear stress, it is important to have full solutions for
these blood flows.

The flow of  fluid has been considered to be incompressible

v )
— =0
(V.v = 0), homogeneous, Newtonian (4 = constant), Jaminar, axis-symmetric (55 , and fully

dv
developed (53 ﬂ). Consideration was only given to axial flow (¥ = va = 0) and body forces
along a sufficiently long, straight cylindrical tube with rigid wall were neglected (g=0)[5]. By
imposing these assumptions and further algebraically manipulating the continuity and momentum
equations in cylindrical coordinates, we arrive at;

_op _ (1)
3 = L]
_Op _ (2)
ﬁ =0
_op mL a( dv\] _ dv, (3)
az tH I;ﬁ(’“a—r)] = Par

The first two equations (1) and (2) above show that the pressure must be a function of Z and
time: » = PC.t) | Equation (3) is linear in both the pressure P(.t) and velocity ¥=(.t). The steady
and unsteady parts of the flow will be dealt independently. Subscripts 5 and ¥ is used to denote
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steady flow and unsteady flow, respectively. The unknown pressure and velocity fields are written
respectively, as;

plz,t)=p. @)+ p.. (2 1) “4)

vl t) = v,0) 4 v, 0. t) Q)

Substituting equation (4) and (5) into (3), yields;

ap.(2) 148 fov.(r) dp,(z.t) du,(r.t) 19 [ dv,(r.tN\]] _ (6)
{a: _”[FE( ar )]}*{ 3z TP ot _-“IFE(” ar )]}‘"

steady unsteady

The terms that depend on time is separated from those that do not. Each group must equal zero
separately because of the differences between the two groups of terms. The derivation of the steady
part equation with respect to velocity distribution, volumetric flow rate and wall shear stress can be
found in any fluid mechanics textbook. Hence, the final equations are given for brevity i.e. equation

(N-9).

e RO, 17 )
v= 4u dz ( Rz)
o TR ®)
8u dz
w =2 ©)
W lez 2

In order to derive the governing equation for pulsatile flow, the unsteady part of equation (6) is

focused upon next. For simplicity, the subscript ¥ is omitted and the unsteady part of the equation
is;

Zt dvelr, t 13 dv(.t
{ap;z e e o R 0

The cardiac cycle is a periodic phenomenon. Any flow property which is periodic in time
can be expressed as the sum of a Fourier series. Therefore, if any one of the blood flow properties is
known i.e. pressure gradient, velocity profile, flow rate or wall shear stress, its data can then be
extracted and subsequently curve-fitted using the Fourier series expansion, that takes the form of;

N
o) = ﬁ) + Z =0, cos(nwt) + ¥, sin(nwt) (11)
steady n=1 )
unsteady
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where, £ represents any one of the blood flow property, £(t) represents the steady state part of the

——
steady
blood flow property, @ is the fundamental frequency and ¢,, and vy, are the Fourier coefficients

for n-harmonics of the unsteady part of the blood flow.
If the pressure gradient as an input blood property is known, then;

ap > , , (12)
3 = + z @, cos(nwt) + ¥, sin(nwt)
3:;:::’)' n=1
unsteady
and for the unsteady part, is then written as;
dp A— 13
3= A, enes (13)

where A, = ¢, —iy,. With the above expression, the corresponding velocity profile, centreline

velocity, volumetric flow rate and wall shear stress in the z-direction can be developed as
mentioned by J.R. Womersley [2] as follows;

< (14)
v(r,t)= vl) 4+ Re Z '4’; (l —jouﬂ'ﬂ)e;r:m:]
f??d'_é}.‘ =1 HA':- fﬂ{-ﬂl.nﬂ:l

wR44, 2100 \ inoe (15)

©O= 0©) +Re| 22 (1_ : )E.Ml

’ s%‘;ﬂ:y LIUHR:} ‘qngjo(}.nm
T.= T +Re )r!.[f-R} (16)
! It E:d) f n ':'[""R}

where, the respective steady terms are defined by equations (7), (8) and (9). For all the above
equations, from the pressure gradient, the other three properties can be found.

Another example would be, if the volumetric flow rate as the input blood property is known,
Q, then;

Q= Q +Queme (17)
ﬂa:d}' unseady

From Q steady state part of the pressure gradient can be calculated using equation (9) and from
[
steady

Q,e"” i.e. unsteady part, A, can be calculated using equation (15). Similarly, if any one of the four
blood flow properties is known, the rest can be found.
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2.2 GUI-MatLab program explanation

The MatLab software and its Graphical User Interface (GUI) functions have been used to
perform the calculation. The explanations of the program steps are as follows and as seen in Figure
1. The raw input data of any blood flow properties i.e. £ and t is imported into the MatLab
workspace. This data is then curve-fitted to find the Fourier coefficients by pressing the “Curve
Fitting Tool” button. If, a set of Fourier coefficients corresponding to any of the blood flow
properties is readily available, press directly the “Fourier Coefficient” button to insert these
coefficients into the code. Next, the corresponding flow property of these input data is selected from
the pop-up menu (1). If the input data is velocity, then the program will ask at what radius this
velocity represents, as shown in Figure 1. Furthermore, the dimensions of the artery can be defined
i.e. radius of artery, density and the viscosity of the blood. Once these input steps are completed,
click the “Compute” button and the program will calculate all the unknown blood flow properties.
By selecting the pop-up menu (2) in the “Output” column, program will show us (i) any flow

property profiles, (ii) the relationship between any two of these properties and (iii) 3D velocity
profiles.

il |
<) WOMERSLEY o =] 53
Fie Edt Wiew Insetlg. ~
— Input | conn
Note -~ il L]
-1t the input i fourigf coefficients press Folrier Cosfficisnts button to Insert the coefficients =[5]x]
ooy et Specify radius for this velocity.
2-f the input is 7y deta. First you import the data to matish and save it as DATA mat then press
Curve FittingsToo buttoni o 1 the data to find the coefficient of foLrier series. Radius fom) [ 00
Fourier Caefficients | ] [ Curve Fitting Tool ] oK Cancel
=
Specify the blood flow properties as input. [Velocty(cmisec) Vs Time(sec) =l
Diameter of artery Densty of blood Wiscosty of blood i
[ G 03 (e 105 Poie | o0s J
Wal Shear Stress(Pa) Vs Tims(sec)
T — Pop_up_Menu1
Compute
i JFNO R FORY =101
|30 Velacty profiles vs time: | Specify radius that you want to find the velocity in it
Radius (cm) 00
Welocity vs Time
Flow Rete vs Time oK Cancel
<} INPUT SR ol Wall Shear Stress vs Time
Specify the time step for 3D velocity profile. Relstion of Pressure grasient to certerlin Velocity]
- Relation of Pressure gracient to Flow Rate
ime (sec) 00 Reletion of Pressure qradiert to Wall Shear Stress
Relation of centerling Velacty o Flow Rate
OK Cancel '\ Relation of certerinevelocity toWall Shear Stres:
Relation of Flow Rate to Wal Shear Stress
30 Welocty profiles vs fime FPop_up_Menu 2

(b)
Figure 2. (a) Flowchart of program steps (b) Pulsatile blood flow GUI created with MatLab
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3.  Results and discussion

As a test to validate the developed program code, the classic Womersley example was used to
present our findings. The input data is taken from McDonald (1955) [6] that is, the pressure
gradient, being measured in the femoral artery of a dog. This input data is then digitized and its
series of data is saved in a text file. The number of digitized data should be as many as possible in
order to increase its accuracy. Next, in MatLab, this digitized text data is imported into the
workspace of MatLab and this data is renamed as DATA. The pressure gradient waveform was the
input i.e. Figure 2 and the corresponding rate of flow was computed and its results are in good
agreement with the figures shown in the J. R. Womersley [2] and McDonald [6]. As an extension to
this, the corresponding velocity profile distribution, centreline velocity and wall shear stress with
regards to the pressure gradient was computed. It is observed that there is a phase lag between zero
pressure and zero flow as shown in Figure 3. The positive peak pressure reaches at 35° and
subsequently drops back to zero at 78°. During this time, the flow rate increases and reaches its
maximum peak at 65°. Next, when the pressure drops almost to its negative peak, the flow rate
drops to zero at 112°. The negative pressure gradient continues up to 200” and during this time, the
flow decelerates further. Once the pressure gradient increases further in the positive direction from
200° onwards, the flow reverses back to a forward flow. The flow reaches zero at 280° . Besides the
flow rate, the axial velocity profile with respect to various radiuses was computed. Figures 4-6
show the axial velocity distributions at different radius ranging at r=0.0 (at centre of the tube),
r=0.1cm, and r=0.13cm, respectively. The velocity profile for all these figures have similar shape
but with different magnitude, whereby the maximum magnitude is observed at the centreline of the
tube and decreases to zero at the wall of the tube.

It is useful to derive the shear stress from the unsteady flow because the quantity is
difficult to measure experimentally. Figure 7 shows the relationship between the pressure gradient
and wall shear stress. There is a phase lag between these two properties. The development of wall
shear stress along the wall of the tube is faster than the pressure gradient.
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Figure 2. Pressure gradient waveform taken from the femoral artery of a dog [6].
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Figure 3. Comparison between experimental results shown in [6] with regards to our calculated
results
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Figure 4. Velocity profile distribution at radius r=0.0cm
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Figure 5. Velocity profile distribution at radius r=0.1cm
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Figure 6. Velocity profile distribution at radius r=0.13cm
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Figure 7. Relationship between wall shear stress and pressure gradient

Conclusion

The exact solution of pulsatile flow was derived. A graphical user interface (GUI) using MatLab
was developed to solve these blood flow properties. Any time-dependent blood properties can be
used as input data. If one of these time-dependent blood flow properties is known, i.e. pressure
gradient, velocity profile, volumetric flow rate or wall shear stress, then the remaining properties
can be calculated. This GUI serves as a learning tool for students who wish to pursue his/her
knowledge in understanding the relationship of various blood flow properties with pulsatile
characteristics as well as the mathematics governing the pulsatile flows.
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