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supported by examining a nonlinear Goursat problem. The verification of the
theoretical results from several series of numerical experiments are discussed. Results
obtained from Taylor series expansion show that the proposed new scheme is
consistent. By using the von Neumann analysis and essence of stability, the proposed
new scheme is found to be unconditionally stable. In addition, the trend of the
numerical results shows that the new scheme is also convergent.
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1. Introduction

The Goursat partial differential equation is a hyperbolic partial differential equation which is
widely applied in the science and engineering fields. Many approaches have been suggested to
approximate the solutions of the Goursat partial differential equation such as the finite difference
[1], Sumudu Decomposition [2], differential transform [3], variational iteration [4] and Adomian’s
decomposition [5].

The Goursat partial differential equation has been applied in problems such as micro differential
operator [6], isotropic plate [7], van der Waals gas expansion [8], heat conductivity [9], trajectory
generation for the N-Trailer [10], supersonic flows [11] and Einstein-Vlasov system [12].
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In this paper, we apply the linear operators expansion associated with Newton-Cotes integration
rule to solve nonlinear Goursat problem. The theoretical analyses of the linear schemes have been
studied in [13] and [14]. The main objective of this paper is to present the theoretical aspects of the
proposed scheme for the application of the Goursat partial differential equation on a standard
nonlinear problem. Instead of the accuracy aspect, we obtained results relating to the stability,
consistency and convergence of the proposed scheme.

2. Methodology
2.1 The goursat problem

The general form of Goursat problem is given in [1] as

u, =fxyuu,u,),

M(X,O):gl(X), M(O, y):gz(y), g1(0)=g2(0)=u(0,0), (1)
0<x<¢, 05y<d.

The established finite difference scheme with mean averaging of functional values are given by
[1] as

Wipgjp1 T UG — Uiy j Ui ]
= jhz = = :Z(fi+1,j+1+fi,j+fi+1,j+fi,j+1) (2)
where h denotes the grid size. Following [15], (1) can be expanded as:

w(x,y) = u(x,0)+u(0,y)—u(0,0)+ L' L f (x, y,u,u,uy) (3)

Then, the approximation of (3) can be rewritten as below. In the next section, the approximation of
the double integral in (4) will be presented.
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2.2 The linear operators expansion associated with newton-cotes rule for the goursat problem
By utilizing the Newton-Cotes of order two rule in (4), we obtained (5) as presented in [16].
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where h=k. Consider the following homogeneous nonlinear Goursat problem given in [1]:
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u(x,o):g—ln (1+ex), (6)

umﬂ:%—mﬁ+wl
0<x<32, 0<y<32.

+ ,
The analytical solution of (6) is u(x,y)=x—2y—1n(€x+€’ ).

3. Results and discussions
3.1 Consistency

A finite difference scheme is said to be consistent if in the limit, the grid spacings are reduced.
However, in the arbitrary manner that allows them to have different orders of magnitude, the finite
difference equation approximates the partial differential equation with increasing accuracy. The
consistency can be achieved if all variables are continuous functions. The finite difference scheme is
consistent if the modified differential equation reduces to the original partial differential equation as
step size tends to zero. In demonstrating the consistency, scheme (5) can be rewritten as

2u;

i+, j+2

2
4h (1 €2uihv eZu, l 2u; 1 2u; 4o +e

e i+2,j +_€
4
+Ze2ui+’l,j+2 +e2ui,j+l +4ezui+l,j+l +ezui+2,j+l )

(7)
Substituting the exact solution into (7) yields

u(xi+2’yj+2)_u(xi+2’yj)_u(xi’yj+2)+u(xi’yj)

2
— ﬂ lezu(xi ’."/) +ez’4(~‘[+1 ,y/) +lezu(~‘[+2ﬂ."/)
9 |4 4

+lezu()‘[ ».\’/+2) +€2”(xi+l !,Vj+2) +iezu(x[+z’)’j+z)

+ ezu(Xi ».V,+1) + 462'4(J‘i+1 ')’_,41) + ezu(xwz ».\’,+1)}'

(8)

Expanding (8) as a Taylor series about the point (xi, y;) the modified differential equation

[+ 2hu, + 2k, +2(Ru,, + 2%, + W)+

—(u +2hu, +2h’u, +) - (u +2hu + 2hzuy_v +) +u}



Journal of Advanced Research in Applied Sciences and Engineering Technology
Volume 5, Issue 1 (2016) 1-6

2

h
4]’12 {1 2u + 2{u+lmx+7uu+...] 1 2(u+2hux+2h2um+...)
= e

9 — + Z e
}12 2
N 1 2(u+2huv+2hzuw+...) N Z[LH-}IMX-FZ}IMJ, +7un+2h u”,+...]
—e ’ e
n?
1 o u+2hu +2hu, +2(h2u, +2h%u  +h*u. )+... 2 uthuy+—uyyt...
+ e X y Xx Xy Y + e 2

2 "
u+hu, +hu, +%(hzu“. +2/12qu +hzu'W )+:l 2[“+2h“x Hhuy +2h7u +7”.\‘y +]
+e

+ 462[

9

(9)

where all terms involving u are evaluated at (x;, y;). As h — 0, then (9) can be simplified as Uyy = e

3.2 Stability

It is known that the stability analysis of the nonlinear problem is very complicated and there are
no general methods or evidences to analyze the nonlinear case [17] . Based on the detailed
investigation, we found that this problem can be von Neumann analysis and convergence analysis
(essence of stability). The von Neumann method is most commonly used for the linear case only.
However, [18] stated that the method can also be applied for the nonlinear case which is temporarily
frozen. Thus, the stability analysis of the proposed scheme (5) for the nonlinear problem (6) after the
freezing process is

Uit jyn = Uiy j TU; jo —U; - (10)
The error is given by

Civa 42 =8iunj +8i ju2 =G - (11)
Substituting the error equation &, = 27e¥=181 into (10) gives

iﬁzeﬂe(nz) :/lje«/—_le(HZ) 4 Qi eNel g e (12)

Due to the difficulty in manipulating the equations the Maple 12 has been used to execute the
algebraic manipulation in order to obtain (12) and the stability region for scheme (5), which is shown
in Fig. 1.

The shaded region in Fig. 1 shows that scheme (5) is unconditionally stable in approximating
nonlinear problem (6). In addition, the stability for finite difference schemes involving homogeneous
initial value problem studied in [19] noted that if a scheme is convergent, as the approximation
scheme converges to exact solution, then certainly it is bounded in some sense.
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Fig. 1. Stability Region for Scheme (5)

3.4 Convergence

However, there is no specific method to analyse the convergence of nonlinear problems.
Therefore, the convergence is determined by observing the trend of the numerical results that have
been obtained, as in this case, by observing the trend of the graph of average relative error based on
a variety of step sizes as illustrated in Fig. 2.
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Fig. 2. Convergence Analysis for Scheme (5)

It can be clearly seen that scheme (5) approaches the exact solution of problem (6) as grid spacing
tends to zero or when the error becomes smaller as h approaches zero. Therefore, we can conclude
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the proposed scheme (5) is convergent. when compared to Hamilton and Crosser’s thermal
conductivity model.

4. Conclusion

In conclusion, the theoretical aspects of the finite difference solution of a linear Goursat problem
using linear operators expansion associated with Newton-Cotes rule of order two have successfully
been presented. The analyses of the numerical results show that the scheme is unconditionally
stable, consistent and convergent.
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