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In this study, lattice Boltzmann method was applied to investigate the natural 
convection flows utilizing nanofluids in a square enclosure. Al2O3 and CuO water based 
nanofluids with 5, 6, 7, 8 and 9 % nanoparticle volume fraction were used as the fluid. 
This study has been carried out for the pertinent parameters in the following ranges: 
the Rayleigh number of nanofluid, Ra=103, 104, 105 and 106, the volumetric fraction 
of nanoparticles 5, 6, 7, 8 and 9 % and the aspect ratio (Ar) of the enclosure is 1.0. The 
effects of solid volume fraction of nanofluids on hydrodynamic and thermal 
characteristics were investigated and discussed. The average and local Nusselt 
numbers, streamlines, temperature contours and vertical component of velocity for 
different values of solid volume fraction and Rayleigh number are then illustrated. 
Results show that by increasing Rayleigh number and nanoparticle volume fraction, 
average Nusselt number increases in whole range of Rayleigh numbers that lead to 
decreasing thermal boundary layer and enhancement of heat transfer of fluid in the 
cavity. As expected, Al2O3 with higher heat conductivity has higher Nusselt number 
with respect to CuO with lower heat conductivity. 
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1. Introduction 
 

In the last century, Computational Fluid Dynamic (CFD) had been widely used due to 
advancement in computation technology. Basically, CFD has been used and compared the solution 
between the experiment results and analytical results [1]. In addition, CFD also helps to interpret as 
well as to study the behaviour of fluids. Although CFD is a powerful tool to demonstrate the fluid flow 
behaviour, however the error gain in the simulations is still an issue that needs great attention from 
researcher. Besides that, Casalino et al., [2] discovered that the conventional CFD is difficult in solving 
multi-phase flow due to complexity of the partial differential equation. In most of the cases, Navier-
Stokes (NS) equation becomes the fundamental basic for CFD in simulating fluid flow. Rather than NS 
equation, CFD also has been used to solve the continuity equation, the energy equation and other 
equation which are derived from equation mention before [3]. There are many types of numerical 
approaches that can be chosen to solve all kind of these equation in order to solve the fluid problems. 

In 1990's, a new CFD method was introduced to solve complex system tools which historically it's 
originated from lattice gas automata (LGA). This method is based on mesoscopic numerical approach 
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which is something between macroscopic (FDM, FVM, FEM…) and microscopic method and is suitable 
for solving each fluid dynamic and either system related to partial differential equations [4]. 

In this method, fluids can be simulated by modelling of its individual molecules that are 
consistent. So, it will behave as a fluid if all the interactions between molecules can be calculated 
correctly. But simulating such a fluid with this much numbers of molecules need a huge amount of 
data that should be calculated by computers. It’s the biggest disadvantage of such a method that 
computer resources are not prepared with. In fact, lattice Boltzmann method (LBM) is a bridge 
between molecular description that defines as kinetic of fluid motion and the real macroscopic world 
[5]. The kinetic theory tries to understand the macroscopic properties of fluids from the properties 
of their molecules which include molecular mass, electrical properties shape parameters, the mean 
free path and so on [6,7]. 

Recently, the lattice Boltzmann equation (LBE) method has gained much attention for its ability 
to simulate fluid flows, and for its potential advantages over conventional numerical solution of the 
NS equations [8]. A few standard, benchmark problems have been simulated by LBE and the results 
were shown to agree quite well with the corresponding NS solutions. Currently, a number of other 
complex flow problems are being simulated using the LBE approach. 

LBM has several advantages compared to traditional CFD method especially when solving the 
complex boundaries problems. Most of the CFD methods are time consuming, but LBM can save a 
lot of time due to its flexibility on boundary treatment. This is because LBM only calculates due to its 
number of mesh points and the lattice model rather than calculate random motion of every particle. 
After LBM has been introduced for many years, it already shows its high capability in simulating the 
behaviour of flow in macroscopic channel. Most of the results obtained from LBM are in good 
agreement with analytical results and other numerical results. The flow pattern and its behaviour can 
be studied through analyzing the outcome of results [9]. 

The LBM uses ensemble averaged distribution function to describe the kinetic system and 
considers that the collective behaviour of the imagined particles which characterize the system, is in 
agreement by the principle of macroscopic physics. Nowadays the LBM has established itself as a 
powerful tool for the simulation of a wide range of physical phenomena. One of its main applications 
is the field of CFD where it has proven successful to solve the weakly compressible NS equations and 
models associated with more complex flows involving several phases or components. It has also been 
successfully applied to the simulation of flows of pseudo plastic and viscoelastic fluids. This method 
does not solve directly the macroscopic conservation equations, but somewhat models the statistics 
of collision of particles and may offer more modeling freedom than the classical methods based on 
finite difference, finite volume or finite element to which it is a competitive alternative. 

Considering the rapid pace with which the subject is developing, in the foreseeable future the 
LBE method is likely to play a significant role in the numerical prediction of flows. A particularly simple 
linearized version of the collision operator makes use of a relaxation time towards an equilibrium 
value using a single relaxation time parameter. The relaxation term is known as the Bhatnagar–
Gross–Krook (BGK) collision operator [10]. This model is called the lattice Boltzmann BGK model. Use 
of this collision operator makes the computations much faster. Due to the extreme simplicity, the 
lattice BGK (LBGK) equation [11-15] has become the most popular LBM. 

Partial differential equation presents fluid flow through the space and time. As a matter of fact, 
certain solutions only exist for a few specific cases with simple geometries and suitable boundary 
conditions. It is certainly true that to obtain simplified equation; the complex phenomena must be 
ignored. However, nowadays digital computers have been rapidly developed and many researchers 
prefer to use high performance computers in their field of study. 
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The properties of water-based nanofluids have been presented in the form of tables or equations 
and heat transfer effects is investigated because the demand on usage of nanofluids is rapidly 
increasing but research on the nanofluids still has a big gap between numerical and experimental 
results. Also, behaviour of nanofluids is not well understood so in this study we tried to investigate 
different factors which affects the heat transfer conditions of different nanofluids to find the best 
aspect ratio and volume fraction of each nanofluid to have the best heat transfer in a square cavity. 
 
2. Methodology  
2.1 Lattice Boltzmann Method (LBM) for Fluid Flow 
 

LBM is a relatively new simulation technique for complex fluid systems and has attracted interest 
from researchers in computational physics. Unlike the traditional CFD methods, which solve the 
conservation equations of macroscopic properties (i.e., mass, momentum and energy) numerically, 
LBM models the fluid consisting of fictive particles, and such particles perform consecutive 
propagation and collision processes over a discrete lattice mesh. Due to its particulate nature and 
local dynamics, LBM has several advantages over other conventional CFD methods especially in 
dealing with complex boundaries, incorporating of microscopic interactions and parallelization of the 
algorithm. A different interpretation of the LBE is that of a discrete-velocity Boltzmann equation. The 
numerical methods of solution of the system of partial differential equations then gives rise to a 
discrete map, which can be interpreted as the propagation and collision of fictitious particles. 

The D2Q9 LBM model was used to simulate fluid flow in 2D channel with uniform grid size of δx 
by δy. The LBE (known as LBGK equation) with single relaxation time can be expressed as in Eq. (1) 
and (2), 
 

 
(1) 

 
which can be reformulated as, 
 

 
(2) 

 

where, 𝜔𝑓=
1

𝜏
,  and 𝑓  the single relaxation time of the fluid, f𝑖  represents the particle distribution 

function, e𝑖 is the particle streaming velocity and 𝑓𝑖
𝑒𝑞 is the local equilibrium distribution function. 

For D2Q9 model 𝑓𝑖
𝑒𝑞 is given by Eq. (3), 

 

 
(3) 

 

where, 𝜌 is the density of the fluid and 𝜔𝑖 is the weight function, which has the values of 𝜔0=
1

9
, 𝜔𝑖=

1

9
 

for i= 1 to 4, 𝜔𝑖=
1

36
 for i= 5 to 8. The macroscopic fluid flow velocity in lattice units is represented by 

u. in the LBM, the fluid macroscopic quantities such as density, 𝜌, and flow momentum, 𝜌𝑢, are 

calculated by using the distribution function 𝑓𝑖, and given by 𝜌 = ∑ 𝑓𝑖
𝑁
𝑖=0  and 𝜌𝑢 = ∑ 𝑒𝑖

𝑁
𝑖=0 𝑓𝑖 

respectively. The streaming speed for particles in coordinates (X and Y) directions can be expressed 

as 𝑒𝑖=cos (
𝜋

2
(𝑖 − 1)) and sin (

𝜋

2
(𝑖 − 1)), whereas particles in diagonal directions have velocities of 
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𝑒𝑖=√2 (cos (
𝜋

4
(2𝑖 − 9))), √2 (sin (

𝜋

4
(2𝑖 − 9))), however, the particle in the lattice center is at rest 

and has no streaming speed; i.e. e)=0. 
The thermal part is simulated by using another distribution function for the temperature. For 

instance, g is used to simulate the distribution function of the dependent variable (temperature) in 
the LBE and an approach similar to that used to simulate the fluid flow is utilized to simulate the 
temperature distribution. In addition, the algorithm suggested by Kamyar et al., [13], is adopted 
throughout this work. 

The kinetic equation for the temperature distribution function with single relaxation time is given 
by, 
 

 
(4) 

 
which can be written in the form, 
 

 
(5) 

 

where, 𝑔𝑖 represents the temperature distribution function of the particles, 𝑔𝑖
𝑒𝑞 is the local 

equilibrium distribution function of the temperature and 𝑤𝑡 =
1

𝜏𝑡
 where 𝜏𝑡 is the single relaxation 

time of the temperature distribution. Thus, the equilibrium distribution function of the thermal part 
is given by Kamyar et al., [13], 
 

 
(6) 

 
where, ∅ is the macroscopic temperature and 𝑐𝑠

2 is the speed of sound. The diffusion coefficient can 

be obtained as a function of the relaxation time and given by =
∆𝑟2

∆𝑡𝐷
(

1

𝜔
−

1

2
) the macroscopic 

temperature is then computed from, 
 

 

(7) 

 
A uniform lattice of 128 × 128 was used to perform all of the simulations. However, the number 

of lattices was doubled to test the grid dependency results. 
 

2.2 Geometry 
 

The geometry used in this study consist of a 2D square cavity (Figure 1) of height, H and weight, 
W. Left wall is the hot wall and right wall is the cold wall and top and bottom walls were assumed to 
be adiabatic and also no conduction was considered in the walls. The aspect ratio of the geometry 
was defined as the ratio of weight of enclosure to the height (Ar=W/H). Inside the cavity was filled 
with nanofluid and the buoyancy force is the only external force acting on the fluid.  
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Fig. 1. Schematic domain of the 
physical model 

 
3. Results and Discussion 
3.1 Code Validation 
 

To validate the numerical simulation, the results of natural convection in square cavity were 
compared with previous works [14]. At the square cavity, an assumption was made that the initial 
stationary flow was heated from the left wall, while the right wall was maintained at a constant low 
temperature. Meanwhile, the upper and bottom boundary walls were assigned adiabatic boundary 
conditions (Figure 2 and 3). A vertical gravitational effect was applied in the y-direction. Regarding 
the flow field, the square cavity was assumed to be closed and the non-slip boundary conditions were 
imposed at each of the four solid walls.  
 

 
Fig. 2. Isotherms for Cu–water nanofluid at 
Ra = 105 and 5 % volume fraction 



Journal of Advanced Research Design 

Volume 93, Issue 1 (2022) 1-16 

6 
 

 
Fig. 3. Isotherms for Cu–water nanofluid at Ra 
= 105 and 5 % volume fraction MRT-SRT LBM 

 
The results of the present study both isotherms and average Nusselt numbers show a good 

agreement with the previous study (Figure 4). 
 

 
Fig. 4. Nusselt and volume fraction from 1 - 5 % Rayleigh 105 

 
3.2 Effect of Volume Fraction 
 

Figure 5 and 6 show changes of Nusselt average by changing volume fraction of the nanofluid for 
all the Rayleigh numbers in Al2O3 and CuO nanoparticles respectively. As these graphs show increase 
of volume fraction of nanoparticles that led to increase in Nusselt average. 
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Fig. 5. Changing Nusselt average with volume fraction for Al2O3 
nanoparticles 

 

 
Fig. 6. Changing Nusselt average with volume fraction for CuO 
nanoparticles 

 
Figure 7 - 11 illustrates comparisons of the streamlines and isotherms of Al2O3/Water nanofluid 

at Rayleigh number of 103, 104, 105 and 106. The strength of circulation increases with an increasing 
particle volume fraction at a particular Rayleigh number. For a low Ra flow, the isotherm was almost 
vertical since heat is transferred by conduction between the hot and cold walls. However, the heat 
transfer mechanism changes from conduction to convection as Ra increases. The thickness of thermal 
boundary layer near the wall decreases with the increase of Ra and the isotherm at the centre of the 
cavity becomes horizontal while it is vertical only within the thin boundary layers. In addition, with 
the use of a nanofluid, the lesser temperature gradient at the heated surface compared to the use of 
pure water due to the growth of thermal boundary thickness was revealed. It is found to have a 
negative influence on Nu. However, since the effect of the ratio of nanofluid conductivity to water 
conductivity, 𝑘𝑛𝑓/𝑘𝑏𝑓 is more pronounced than the effect of temperature gradient, an enhancement 

of Nu was observed with a nanofluid in the following discussions. To compare the effect of volume 
fraction on the streamlines, the aspect ratio is considered constant for Al2O3 nanofluid and the 
Rayleigh number and volume fraction is changed. As these graphs show, increasing volume fraction 
causes change in streamline that tends to move toward the walls. 
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Fig. 7. Ra=103, Volume fraction 9 % 
for Al2O3/Water nanofluid 

Fig. 8. Ra=104, Volume fraction 9 % 
for Al2O3/Water nanofluid 

  

  

Fig. 9. Ra=105, Volume fraction 9 % for 
Al2O3/Water nanofluid 

Fig. 10. Ra=106, Volume fraction 9 % for 
Al2O3/Water nanofluid 

  

 
Fig. 11. Ra=105, Volume fraction 9 % 
for CuO/Water nanofluid 

 

The effect of volume fraction on temperature field is shown in Figure 12 for Ra=103, Figure 13 for 
Ra=104 and in Figure 14 for Ra=105 in different volume fractions in aspect ratio 1.0 of Al2O3 
nanoparticles. The figures show that the thickness of thermal boundary layer decreases by increasing 
the volume fraction. It is due to the increasing conduction heat transfer associated with presence of 
the nanofluid, so this effect is higher in Al2O3 nanoparticles because of its higher thermal conductivity. 
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Fig. 12. Isotherms for Al2O3–water nanofluid at Ra = 103, φ = 0.05 - 0.09 
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Fig. 13. Isotherms for Al2O3–water nanofluid at Ra = 104, φ = 0.05 - 0.09 
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Fig. 14. Isotherms for Al2O3–water nanofluid at Ra = 105, φ = 0.05 - 0.09 

 

Figure 15 illustrates how the addition of nanoparticles influences the Nusselt number distribution 
along the heated surface for three different Ra numbers. It is evident that increasing the volume 
fraction increases the Nu number particularly close to the bottom of the hot wall for both 
nanoparticles. It can be observed that the effect of Al2O3 nanoparticles was in comparison to the 
CuO. This is due to a number of effects such as Brownian motion, ballistic phonon transport, layering 
at the solid/liquid interface and dispersion effect. 
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Fig. 15. Effect of volume fraction on local Nusselt number across heated wall 

 
In Figure 16 the effect of volume fraction on Nusselt number for Al2O3 and CuO nanoparticles are 

shown for Ra=105 and as it shows, the average Nusselt number of both nanofluids increased by 
increment of the nanoparticle volume fraction. 
 

 
Fig. 16. Average Nusselt number for Al2O3–water nanofluid and CuO–
water nanofluid for Ra=105 and volume fractions from 5 - 9 % 
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3.3 Effect of Rayleigh Number 
 

Figure 17 and 18 show a comparison of the isotherm contours between the nanofluids at φ=0.05 
and the basefluid for three various Rayleigh numbers for Al2O3 and CuO. The nanofluid isotherms 
become closer to the vertical walls and are more uniformly distributed in the core region of the 
enclosure at different aspect ratios. Also, in the case of Ra=103 and aspect ratio Ar=1.0, the isotherms 
become almost parallel to the heated wall. The isotherms exhibit a trend almost similar to conduction 
in solids. This behaviour leads to an enhancement in heat transfer for y>1/2. 
 

 
Fig. 17. Comparison of isotherms by changing Rayleigh 
number for Al2O3, φ=5 % for Ra=103, 104 and 105 
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Fig. 18. Comparison of isotherms by changing Rayleigh 
number for CuO, φ=5% for Ra= 103, 104 and 105 

 
4. Conclusion 
 

Heat transfer enhancement in a square enclosure subjected to different side wall temperatures 
using nanofluid was studied by MRT-SRT LBM. The results are presented at different Rayleigh 
numbers, volume fractions and CuO/water and Al2O3/water nanofluids. It is found that the LBM is a 
suitable approach for simulating nanofluid. The simple implementation of effective thermal 
conductivity was the most advantages of this method. The most important advantage of this method 
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was simplicity in simulation of nanofluid behaviour in comparison with other computational fluid 
method. Below are other conclusions obtained from this research. 
i. With increasing the solid volume fraction, the results show a heat transfer enhancement at any 

Rayleigh number. 
ii. Heat transfer enhances with increase in Rayleigh number for a particular volume fraction. 
iii. The CuO/water nanofluids exhibit higher heat transfer rates than Al2O3/water at a given 

Rayleigh number, as also revealed in many published numerical studies. The reason might be 
that due to a significant increase in effective dynamic viscosity compared to that of the base 
fluid, a larger temperature difference across the square cavity was specified to drive a nanofluid 
and consequently a stronger convection was induced, which results in a larger Nu using the 
Al2O3 nanofluid. 

iv. The results illustrate that the types of nanofluid is a key factor for heat transfer enhancement 
and the highest and lowest values of Nu number were obtained when using Al2O3 and CuO 
nanoparticles respectively. 
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