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ABSTRACT

Article history:

The purpose of this brief paper is to obtain quantitative information on mean velocity
profile in ideal vasculature (i.e. straight and toroidal pipes) at low to medium shear
rates. To shed the light on the significance of considering blood shear-thinning
properties, the power-law model is compared to the commonly used Newtonian
viscosity hypothesis. Validated CFD models of blood flow were established and
parameterized to solve steady incompressible blood flow under Reynolds number of
50~200. The calculations of the Reynolds number and boundary conditions adopted
the shear-thinning index of the power-law models to provide physically correct
benchmark for the comparison presented herein. Velocity profiles for Newtonian and
non-Newtonian fluid flow are described and sketched. Shear rate values had a range
of 20~200 s-1 which represents the physiological range found in cerebral vasculature.
This study provides the means to estimate the effect of the non-Newtonian properties
of the blood on the flow patterns. It is clearly shown that the difference between
Newtonian and power-law blood flow models is not significantly affected by Reynolds
number for the current range of shear rate. The differences identified in the pressuredrop per unit length and average wall-shear stress were found to be of significant
values. The difference between the Newtonian and power-law model (case1) in the
pressure drop per unit length for the straight pipe was 386 while for the curved pipe
was 371. These differences increased to 538 at Re=200 for the straight pipe and
reached 603 for the curved pipe. This research suggests that the non-Newtonian
effects of cerebral blood flow should be considered in the respective CFD models.
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1. Introduction
Blood shows non-Newtonian behaviour as a result of its complex mixture of proteins and of
suspended cellular elements in plasma [1,2]. However, several studies have considered blood as a
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Newtonian fluid under the justification that in large arteries the rheological properties of blood
become linear when shear rate is greater than 100 𝑠 −1 [3-7]. The non-Newtonian flow effects could
become significant when the shear rate is below 100 𝑠 −1 [8].
Non-Newtonian flows are very important in many disciplines [9-14]. Blood exhibit non-Newtonian
characteristics including shear-thinning and viscoelasticity, but in this study, we will focus on the
shear-thinning behaviour. Several studies have presented that viscoelastic behaviour is only
noticeable in pulsatile flow [15], and that viscoelasticity is only substantial at shear rates less than
10𝑠 −1 [16]. Studies revealed that WSS is an important hemodynamic factor in intracranial aneurysm
genesis, growth and rupture [17-20]. The most important parameter that affect the WSS is the blood
viscosity. Previous works proved that there is an overestimation of the WSS, when neglecting the
effect of the shear-thinning in the simulation [21,22]. On the contrary, some discovered that there is
an underestimation of the WSS by neglecting the shear-thinning [23,24]. The effect of four nonNewtonian models (Casson, generalized power law, and the two form of Carreau models) have been
investigated by studying the WSS of cerebral aneurysms [25]. It is found that all the non-Newtonian
models report a lower WSS than that obtained with a Newtonian model in the same geometry.
Additionally, they found that the Carreau model is the most conservative predictor of aneurysm
vulnerability as well. Johnston et al., [26] studied five non-Newtonian blood models (power-law,
Carreau, walburn-schneck, casson and generalized power law), as well as the usual Newtonian model
of blood viscosity to determine the wall shear stress in four different right coronary arteries at a
particular point in the cardiac cycle. It was found that the Newtonian model of blood viscosity is a
good approximation in regions of midrange to high shear greater than 100 𝑠 −1 , it is recommended
to use the Generalised Power Law model (which tends to the Newtonian model in those shear ranges
in any case) in order to reach better approximation of wall shear stress at low shear less than 100
𝑠 −1 . Some authors concluded that the non-Newtonian behavior for flow in large arteries is crucial
[27-29] while others found it is insignificant assumption [30,31]. Gijsen et al., [29] highlighted several
differences in the velocity profiles between Newtonian and non-Newtonian models when they
investigated the blood flow through 90° curved tube. It is more accurate to include the shear-thinning
non-Newtonian property of blood viscosity [32,33]. Xiao Liu et al., investigated the effect of the nonNewtonian (Carreau model) pulsatile blood flow on the transports of oxygen and low density
lipoproteins (LDLs) in the human aorta and compared the results with those of the Newtonian steady
blood flow [34]. Results showed that the shear thinning nature of blood has small effect on LDL and
oxygen transport in most regions of the aorta, but in the atherogenic-prone areas where luminal
surface LDL concentration is high and oxygen flux is low, its effect is significant. In addition, Durairaj
et al., [35] reported that the non-Newtonian behavior of blood has a significant influence on the WSS
value in human aorta. Thus, the non-Newtonian properties should be considered, when simulating
the blood flow in aorta. The effect of the blood viscosity changes due to hematocrit (Hct) variations
and for a wide range of shear rate on the oxygen transport in a stenosed artery after angioplasty has
been studied [36]. Results revealed that the oxygen transport in this constricted artery is significantly
influenced by the non-Newtonian shear-thinning (Carreau model) property of blood viscosity with
different Hct concentrations. This study has significant implications for drug therapy related to bloodthinning medication. A numerical study has shown that the blood’s nonlinear non-Newtonian
(Carreau-Yasuda) properties resulted in more accurate predictions of wall shear stress than the
Newtonian model within a stented artery [37]. Therefore, the blood’s nonlinearity plays an important
role, and that the Newtonian model is not appropriate to be used to model the blood flow. The
purpose of this paper is to elucidate the difference between Newtonian and power-law blood flow
models at shear rate values corresponding to such found in cerebral vasculature. The importance of
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this work is driven by the ongoing debate in literature regarding the viability of modelling the nonNewtonian effects in cerebral vessels.
2. Mathematical Model and Numerical Approach
2.1 Governing Equation
The flow field is assumed to be incompressible, steady and three dimensional. The governing
equations are the continuity equation (conservation of mass) and the momentum equation in the
three dimensions (conservation of momentum).
𝛻. 𝑣 = 0

(1)

𝜌(𝑣. 𝛻𝑣) = −𝛻𝑝 + 𝛻. 𝜏

(2)

where, v is the velocity vector field of the fluid, 𝑝 is the pressure, 𝜌 is the density of the blood 1060
𝑘𝑔/𝑚3 and 𝜏 is the stress tensor. The stress tensor is related to the strain rate tensor (𝛾̇ ) as follows,
𝜏 = 𝜇 𝛾̇

(3)

where
𝜕𝑣

𝛾̇ = (𝜕𝑥𝑖 +
𝑗

𝜕𝑣𝑗
𝜕𝑥𝑖

)

(4)

For the Newtonian flow model, the value of blood viscosity is constant 𝜇 = 0.0035 Pa.s [38-41].
More refined models, e.g., the power-law model, the Carreau model, the cross model and the
Carreau-Yasuda model, include the shear-thinning behavior of blood which capture the nonNewtonian rheology. In this study the proposed Power-law model, is used to account for the shearthinning behavior of the blood [42-44].
𝜇 = 𝑘 𝛾̇ 𝑛−1

(5)

where, 𝜇 is the dynamic viscosity, k is the flow consistency index, 𝛾̇ is the shear rate and 𝑛 is the
power law index. The model parameters are listed in Table 1.
Table 1
Power-Law model Parameters
Cases
Case 1
Case 2

𝑘 ( 𝑃𝑎. 𝑠^𝑛)
0.035
0.01467

n
0.6
0.7755

The Reynolds number is calculated based on (6) and (7) for the Newtonian and non-Newtonian
viscosity models respectively. Table 2 provides a summary for the corresponding mean velocity at
different Reynolds number for the Newtonian and non-Newtonian viscosity models. Many previous
studies might not have used the correct way to calculate the Reynolds number for non-Newtonian
fluid such as [45,46].
𝑅𝑒 =

𝜌𝑢𝑚 𝑑
𝜇

(6)
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𝑅𝑒𝑁𝑁 =

𝜌𝑢𝑚 2−𝑛 𝑑𝑛
𝑘

[42,47]

(7)

Table 2
The corresponding mean velocity at different Reynolds number for the Newtonian and non-Newtonian
viscosity models
Reynolds number
Re
50
100
200

𝑢𝑚 (m/s)
Newtonian model
0.033
0.066
0.132

𝑢𝑚 (m/s)
non-Newtonian model (case 1)
0.0997
0.164
0.268

𝑢𝑚 (m/s)
non-Newtonian model (case 2)
0.0753
0.133
0.233

2.2 Models Geometry
The first stage concerning modelling flow in more realistic vessel shapes is to study simple
geometries such as straight pipe (case 1) and curved pipe (case 2) in order to mimic the intracranial
arteries. Both structured models were meshed using GAMBIT software (meshing generator). Table 3
provides a summary for the geometries.
2.2.1 Straight pipe
The geometry used in validation cases for Newtonian and Non-Newtonian models of flow of
blood is a simple rigid straight pipe as that shown in Figure 1 with length of 0.1m and a diameter of
0.005m.

(a)

(b)

Fig. 1. (a) Ideal geometry used in straight pipe, (b) meshing

2.2.2 Curved pipe
The curved pipe used to model the flow of is shown in Figure 2 with a diameter of 0.005m. Several
models with different grid sizes were tested and the result of the grid independence study was a grid
with a total number of elements 300000 elements with 10 boundary layers have been attached to
the walls of the curved pipe thus ensuring accurate computation, with interval size equal to 0.06
(mm). The wall of the pipe is assumed to be rigid. The velocity profiles of all models were plotted on
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five locations, as shown in Figure 2. The velocity profiles are compared at different Reynolds number
in Figures 6-10. The pulsatility of the flow was not included in this study.

(a)

(b)

Fig. 2. (a) Ideal geometry used in curved pipe, (b) Meshing
Table 3
Summaries of geometries
Grid
Straight pipe
Curved pipe

Number of elements
150000
300000

Element shape
Hexahedral
Hexahedral

Turning angle
0
1800

Dimension
D=5mm
D=5mm

2.3 Mesh Sensitivity Analysis
An analysis of mesh sensitivity was firstly carried out with a steady flow condition. The mesh
refinement was confirmed with several mesh systems with the element number increasing up to
200000 cells for the straight pipe and up to 0.5 million for the curved pipe based on the velocity
profile. The velocity difference in-between 50000 ~ 200000 elements for the straight pipe and 100000
~ 0.5 million elements for the curved pipe were less than 2%. This is made to make sure that the cells
larger number do not affect the simulation results. For the straight pipe, the results are similar when
used 200000 cells and 150000 cells as shown in Figure 3. However, it was slightly different when used
100000 cells, so the 150000 hexahedral cells considered for simulation.
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Fig. 3. Mesh Sensitivity Test (Re=200) of straight pipe

2.4 Boundary Condition
The model has one inlet (velocity inlet) and one outlet (pressure outlet, P = 0 pa) with no slip
boundary condition and the wall of the pipe was assumed to be rigid.
2.4.1 The Newtonian case
For the Newtonian case, the inlet velocity profile is the fully developed Hagen-Poiseuille flow.
𝑟2

𝑢(𝑟) = 𝑢𝑚 (1 − 𝑅2 )

(8)

2.4.2 The non- Newtonian case
For the non-Newtonian case, the inlet velocity profile is the fully developed Power-law pipe flow
[42,47-51].
𝑢(𝑟) =

𝑛

(

𝑑𝑝 1 1

𝑛+1 𝑑𝑧 2𝑘
𝑛

𝑑𝑝 1 1

𝑢𝑚 = 𝑛+1 ( 𝑑𝑧
𝑢(𝑟)
𝑢𝑚

)𝑛 [𝑅

)𝑛 𝑅
2𝑘

𝑛+1
𝑛

−𝑟

𝑛+1
𝑛

]

𝑛+1
𝑛

𝑟 𝑛+1

= 1 − (𝑅 )

(9)
(10)
(11)

𝑛

𝑟

𝑛+1
)
𝑛

𝑢(𝑟) = 𝑢𝑚 [1 − (𝑅)(

]

(12)

2.5 CFD FLUENT Solver Implementation and Numerical Schemes
The models used in this study were 3D model, incompressible, laminar and steady. The governing
equations described before were discretized by the finite volume method. The numerical simulation
was carried out with the ANSYS package (FLUENT 16). No turbulence model was applied due to the
relatively low Reynolds number in this study. Each model required approximately 4 days of CPU time
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on an HPC with a 4 Intel Xeon (2.6GHz); parallel computation with a cluster on 32 nodes was carried
out with Platform Computing. The convergence criteria for iterative errors were set to be of 1×10-6.
2.6 Validation with Exact Solution
The model has been validated for the steady Newtonian and non-Newtonian (Power-law) against
the exact solution of the fully developed pipe flow (Hagen-Poiseuille solution) Figure 4 and Figure 5
respectively, at Reynolds number (Re) =100. The numerical results agree well with the exact solution
with error less than 2%.
2.6.1 Validation of the Newtonian case

Fig. 4. velocity profile at different Reynolds number for Newtonian
model in straight pipe (Density of blood 1060 kg/m3 and viscosity
0.0035 Pa.s)

2.6.2 Validation of the non-Newtonian case

(a)

(b)

Fig. 5. velocity profile at different Reynolds number for the power-law model in straight
pipe A) case 1 and B) case 2
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3. Results and Discussion
A Newtonian model and two groups of Power-law model with different parameters have been
simulated on the curved pipe at five different locations. Each of the three models simulated at three
different Reynolds number ranged from (50 to 200) to clarify the effect of the rheological models
(Newtonian and Power-law) on hemodynamic factors like the velocity profiles, the wall shear stress
(WSS) and pressure drop per unit length.
3.1 Flow Structure and Velocity Profiles in Curved Pipe
Figures 6-10 show the velocity profiles of the curved pipe with different rheological models at
different locations. Differences between the measured velocity distribution of the Newtonian and
non-Newtonian fluid are evident. It can be noticed that the velocity profiles of the Newtonian model
at Reynolds number ranging from 50 to 200 showed usual parabolic profiles. In addition, the two
groups of the non-Newtonian model have similar behavior. However, there are quantitative
differences recorded.

Fig. 6. Velocity profile at different Reynolds number for Newtonian and nonNewtonian models in curved pipe at location 1

Fig. 7. Velocity profile at different Reynolds number for Newtonian and nonNewtonian models in curved pipe at location 2
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Fig. 8. Velocity profile at different Reynolds number for Newtonian and nonNewtonian models in curved pipe at location 3

Fig. 9. Velocity profile at different Reynolds number for Newtonian and nonNewtonian models in curved pipe at location 4

Fig. 10. Velocity profile at different Reynolds number for Newtonian and nonNewtonian models in curved pipe at location 5
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The flow field for Re = 50 exhibits similar behaviour for all Newtonian and non-Newtonian
solutions, which has axisymmetric profile in space. It is shown that the maximum velocity reached
during the Newtonian solution is 0.033 m/s at location 3 (90°) while the minimum velocity reached
is 0.015 m/s at the first location (30°). In addition, during the non-Newtonian solution such values
increased. For case 1, the maximum velocity is 0.1 m/s at location 3 (90°), while the minimum velocity
reached is 0.044 m/s at location 1 (30°). On the other hand, when increasing the power-law index in
case 2 (n=0.7755), the velocity values decreased than case 1 (n=0.6) but still larger than the
Newtonian solution. Starting from Re = 100, The flow field exhibits similar properties for Newtonian
as such of Re = 50, however, this behaviour become axisymmetric pattern for both non-Newtonian
cases. it is clear that the asymmetric behaviour of the instability region becomes more manifested at
power-law index (n=0.6), as shown in Figures 6-10. The asymmetry in velocity profiles shown in
Figures 6-10 was due to the influence of the Coriolis acceleration.
3.2 Wall Shear Stress Comparison between Newtonian and Non-Newtonian
3.2.1 Straight pipe
It is evident that the magnitude of the average WSS of the non-Newtonian model for both cases
are greater than the Newtonian model in straight pipe as shown in Table 4. The deviation between
them at Re =50 for case 1 is 84% while for case 2 is 75%. At Re=100, the deviation between the two
rheological model is decreased for case 1 is 75% while at case 2 is 66%. At Re=200, the deviation
between the Newtonian and the non-Newtonian model for case 1 is 67%, while for case 2, the
deviation is 64%.
Table 4
The average wall shear stress of both Newtonian and non-Newtonian models in straight pipe
Newtonian
model

Re
50
100
200

WSS (Pa)
0.09238913
0.1847913
0.36961975

NonNewtonian
model
(case 1)
WSS (Pa)
0.57531012
0.7743354
1.0422015

Non-Newtonian
model
(case 2)

Deviation between
Newtonian and nonNewtonian

Deviation between
Newtonian and nonNewtonian

WSS (Pa)
0.3908808
0.6063396
0.9405627

(case 1)
0.48292099
0.5895411
0.67258175

(case 2)
0.29849167
0.4215483
0.57094295

3.2.2 Curved pipe
Table 5 represents the average WSS of the Newtonian and both cases of the non-Newtonian
models in the curved pipe. It is clear that the values are nearly similar to the straight pipe. The
difference between the two geometries regarding the average WSS is 1%.
Table 5
The average wall shear stress of both Newtonian and non-Newtonian models in curved pipe
Newtonian
model

Re
50
100
200

WSS (Pa)
0.092516523
0.19052201
0.4256658

NonNewtonian
model
(case 1)
WSS (Pa)
0.57935402
0.82062814
1.237555

NonNewtonian
model
(case 2)
WSS (Pa)
0.3924499
0.6347463
1.1102546

Deviation between
Newtonian and nonNewtonian

Deviation between
Newtonian and nonNewtonian

(case 1)
0.486837497
0.63010613
0.8118892

(case 2)
0.299933377
0.47295262
0.6845888
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It can be noted that the difference in WSS values between all cases is less prominent than for the
velocity profiles. This difference is noticeable mostly in large Reynolds number.
3.3 Shear Rate Comparison between Newtonian and Non-Newtonian in Straight and Curved pipes
The shear rate of both non-Newtonian cases is greater than the Newtonian model as shown in
Table 6. The high shear rate is present at the non-Newtonian model (case 1) which indicates that the
flow is fast, while the Newtonian case is presented the low shear rate which means that the flow is
slow at all values of Reynolds number and at a constant diameter for both geometry which is 5mm.
Table 6
The shear rate of both Newtonian and non-Newtonian models
Re
50
100
200

Shear rate Newtonian
𝛾̇ (1⁄𝑠)
26.4
52.8
105.6

Shear rate non-Newtonian (case 1)
𝛾̇ (1⁄𝑠)
79.76
131.2
214.4

Shear rate non-Newtonian (case 2)
𝛾̇ (1⁄𝑠)
60.24
106.4
186.4

3.4 Pressure Drop Comparison between Newtonian and Non-Newtonian
As a final comparison, the effect of shear-thinning model with respect to Newtonian model has been
integrated by computing the pressure drop per unit length for both geometries at different Reynolds
number as shown in Table 7 and 8. It is found that the pressure drop per unit length for the curved
pipe is less than the straight pipe for both rheological models. However, it can be seen that the
variation regarding the rheological models is greater than the variation regarding the geometry. It
can be seen that the choice of blood rheology impacts the result of pressure drop. The pressure drop
per unit length calculated from the non-Newtonian models was significantly greater than the
obtained from the Newtonian case. This result reveals that the shear-thinning model have larger
viscous forces than the Newtonian model and hence the blood rheology can play a perceptible role
in the resulting computed pressure drop.
Table 7
The pressure drop per unit length of the Newtonian model and the non-Newtonian cases in straight pipe
Re
50
100
200

Newtonian model
∆𝑝 (mPa/mm)
73.91963
147.86166
295.7867

Non-Newtonian model (case 1)
∆𝑝 (mPa/mm)
460.30552
619.58694
833.98041

Non-Newtonian model (case 2)
∆𝑝 (mPa/mm)
312.74418
485.17105
752.6723

Table 8
The pressure drop per unit length of the Newtonian model and the two cases of the non-Newtonian
model in curved pipe
Re
50
100
200

Newtonian model
∆𝑝 (mPa/mm)
70.61956
144.4571
316.1621

Non-Newtonian model (case 1)
∆𝑝 (mPa/mm)
442.0148
619.922
919.2894

Non-Newtonian model (case 2)
∆𝑝 (mPa/mm)
299.4461
479.9669
822.4815

It was found that the effect of the rheology with respect to the pressure drop per unit length is
more significant than the impact of the geometry. For the Newtonian model, the maximum deviation
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between the straight and curved pipe regarding the pressure drop per unit length at Re=200 was 6%
while, for the non-Newtonian model (case 1) the maximum difference was 9% and that the difference
between the straight and curved pipe for the non-Newtonian model (case 2) was 8%. Furthermore,
it was shown that for the straight pipe the maximum deviation between the Newtonian and the
power-law model (case 1) was 65% while between the Newtonian and power-law (case2) was 61%.
For the curved pipe these values slightly increased by 1%. Thus, it was clearly shown that the nonNewtonian behaviour could not be neglected when simulating blood flow.
4. Conclusions
This study presents a numerical investigation of mean velocity profile for two simple geometries
related to cerebral arteries using different rheological models, in order to compare between
Newtonian and non-Newtonian models at low to medium shear rates. The comparative analysis
shows that the geometry has a little impact on the rheological behaviour of blood at this range of
shear rate. The major differences between the Newtonian and the non-Newtonian models are
observed in the pressure drop per unit length. However, the deviation between the Newtonian and
both cases of non-Newtonian model with respect to the WSS in both geometries was less prominent
than the differences in the pressure drop per unit length. The found differences could not be
neglected, therefore the non-Newtonian blood viscosity model should be taken into consideration
for future blood flow studies in cerebral arteries. This work could be extended by simulating unsteady
flow in curved pipe. Comparing unsteady flow simulations with the current study would provide a
more complete insight into the influences of using the non-Newtonian model.
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