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ABSTRACT

Article history:

An analysis has been performed to study the effect of buoyancy force in the boundary
layer flow past a thin needle in a hybrid nanofluid. In this study, we have taken into
consideration a combination of two types of nanoparticles which are alumina and
copper in the base fluid. The coupled nonlinear partial differential equations
representing momentum and heat equations are reduced into a set of nonlinear
ordinary differential equations. The transformed equations are evaluated numerically
by adopting the bvp4c method with the help of MATLAB software. Effects of involved
controlling physical parameters, namely buoyancy or mixed convection parameter,
velocity ratio parameter, solid volume fraction parameters and needle thickness on the
skin friction coefficient and heat transfer rate as well as velocity and temperature
profiles are indicated through graphs and then discussed. It is revealed that the
addition of every 0.2% alumina and copper nanoparticle (𝜙1 and 𝜙2 ) into a base fluid
tends to enhance the heat transfer rate for about 18% up to 44%. It is worth knowing
that the existence of dual branches of the solution is noted when the flow is opposing
(𝜆 < 0) and when the needle against the free stream direction ( 𝜀 < 0).
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1. Introduction
A few decades ago, the existence of nanofluid as a heat transfer fluid becoming one of the
subjects of interest in fluid mechanics. This subject is well received by several researchers due to the
ordinary fluids are less preferred in the heat transfer process. However, the metallic nanoparticles
that contain high thermal conductivity could be an excellent approach if we mixed those
nanoparticles into the regular fluids. Choi [1] delivered the brilliant idea of nanofluid by preparing it
through an experimental study. Since the nanoliquids tends to enhance the heat transmission
process, hence, diverse amount of applications can be traced in industries. By the way of example,
manufacturing of paper, heat exchanger, microelectronic devices, nuclear reactors, geothermal
power generation and transportations. The related works inspired by this topic were reported in Rana
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and Bhargava [2], Bachok et al., [3], Salleh et al., [4], Japar et al., [5] and Acharya et al., [6] considering
various surfaces and physical effects.
In certain heat transfer applications, the consumption of nanosolution is less prominent. To
rectify this deficiency, hybrid nanofluid is created by consolidating two different types of
nanoparticles in the regular fluids. Similar to nanofluid with one component or nanoparticle, hybrid
or combined nanomaterials have a very small dimension that is 10-100 nm in diameter. In order to
form the hybrid nanofluid, nanoparticles with different types: metallic (Ag, Al, Cu and Zn) and nonmetallic or metal oxide (Al2 O3 , CuO, MgO and Fe3 O4 ) must undergo a synthetization process. A detail
and comprehensive study of the process has been analyzed by Sarkar et al., [7]. In their study, they
found that the metallic nanomaterials possess high thermal conductivity, but weak in stability and
reactivity. Contrary to that, metal oxide has low thermal conductivity, but good in other properties
like stability and reactivity. In the present analysis, the hybrid nanosuspension between copper (Cu)
and (Al2 O3 ) has been given attention. The combination of those nanomaterials would definitely
augment the hydrodynamic flow and heat transfer around a thin needle. The effectiveness of hybrid
nanofluid compared to ordinary nanofluid and regular fluids in heat transport is certified through
many experimentally and theoretically studies [8-12]. Authentically, hybrid nanomaterials have very
unusual features that a single component cannot possess. It may be lacking in some of the thermal
or chemical properties. Unlike a nanofluid, hybrid nanofluid has many good properties such as better
mechanical resistance, chemical stability, thermal conductivity, physical strength and so on [7].
Possible areas in which hybrid nanofluid is widely used include air conditioning systems, solar
heating, microfluidics, space aircrafts and ships, vehicle thermal management, medical and
lubrication.
The influence of alumina-copper hybrid nanofluid has been discussed by Moghadassi et al., [13],
and they noticed that hybrid nanofluid offers a better performance of heat transfer compared to
nanofluid. The heat transport analysis of copper-alumina/water hybrid nanofluid on a stretched
surface is performed by Devi and Devi [14]. Mehryan et al., [15] examined the flow of natural
convection in a cavity filled with a porous medium immersed in a hybrid nanoliquid. Ashorynejad and
Shahriari [16] communicated the influence of a magnetic field for hybrid nanofluid in an open wavy
cavity. Furthermore, Mansour et al., [17] demonstrated the entropy analysis of heat source and sink
on natural convection in a hybrid nanoliquid with a magnetic effect. The problem of the inclined
magnetic field over a slippery sheet in hybrid nanofluid has been conducted by Acharya et al., [18].
In the same year, Acharya et al., [19] investigated the consequence of Hall current on hybrid
nanosolution past a revolving disk. The comprehensive investigations on the hybrid nanofluid topic
are presented in Refs. [20-25].
The flow over a thin needle is a very important and significant process due to it has numerous
applications especially in engineering and biomedical areas. It is typically used in circulatory
problems, transportations, wire coating and in hot wire anemometer or protected thermocouple for
computing the wind velocity. The motion of the needle perturbs the free-stream flow, and this is the
main focus of the flow and heat transfer analysis in experimental studies for finding the velocity and
temperature profiles. This extraordinary feature of the thin needle makes such a topic interesting for
some researchers. Lee [26] started to investigate the boundary layer flow past a stretching surface in
a viscous fluid by discussing the asymptotic behaviors of the system. Narain and Uberoi [27]
performed the forced convection flow over an isothermal thin needle in a viscous fluid. A year later,
Narain and Uberoi [28] examined the mixed convection flow on the slender needle by taking into
consideration both isoflux and isothermal wall situations. Subsequently, Chen and Smith [29] studied
analytically the steady forced convection flow and heat transfer from the nonisothermal thin needle.
More works on the thin needle in a viscous fluid can be found in the current literature [30-32].
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The study of a thin needle in a nanofluid is first considered by Grosan and Pop [33]. In their
research, they solve the effect of variable wall temperature on the classical problem of forced
convection heat transfer past a thin needle. The problem of stagnation point flow in water-carbon
nanofluid with variable heat flux on the thin needle is investigated by Hayat et al., [34]. In recent
years, many researchers include Ahmad et al., [35], Soid et al., [36], Salleh et al., [37-38] had
performed the numerical studies on the thin needle in nanofluid by using various physical effects.
Very recently, Salleh et al., [39] carried out a stability analysis of nanofluid flow and heat transfer past
a slender needle by considering the heat generation and chemical reaction effects. The consideration
of stability analysis has been introduced by Merkin [40] after he got an idea of how to identify the
stable solution (or physically realizable) if there exists more than one solution in a system. Since the
work of Merkin [40] has been well received, more publications are found in the existing literature
[41-44].
Being motivated by the above-referred studies, in this work, we examined the steady behavior of
incompressible flow and wall heat transfer on a continuously moving thin needle saturated by hybrid
nanofluid in the presence of buoyancy effect. By proposing the hybrid colloidal suspension in the
current model, we truly feel that it is capable to assist engineers in designing some applications
related to the thermal removal process. The governing mathematical system is computed
numerically via MATLAB function bvp4c. Graphical demonstrations have been made for the velocity,
temperature, skin friction coefficient and local Nusselt number with respect to some pertinent
parameters.
2. Mathematical Analysis
The flow of alumina-copper hybrid nanofluid of uniform ambient temperature T past a moving
thin needle of uniform wall temperature Tw is examined. The flow system is assumed to be in the x
direction, which is along the needle surface, and r axis is normal to it as shown in Figure 1. In Figure
1, U w denotes a uniform velocity of the needle that moves in the same and opposite ways to the free
stream flow of uniform velocity U  , and r  R( x) represents the needle radius. Taking into account
the above considerations, equations for the continuity, momentum and energy can be written as
Grosan et al., [33] and Salleh et al., [36]:

Fig. 1. Cylindrical coordinate system: (a) assisting flow and (b)
opposing flow
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The corresponding boundary conditions for Eqs. (1) to (3) are
u  Uw,
u  U ,

v  0, T  Tw at r  R ( x),

(4)

T  T as r  ,

where the velocities components along x and r axis are u and v, respectively. Besides that, T is
the temperature of nanofluid,  is the dynamic viscosity,  is the density,  is the volumetric
expansion coefficient, k is the thermal conductivity, g is the acceleration due to gravity and C p is
the specific heat at uniform pressure. The subscripts ‘hnf’, ‘nf’ and ‘s’ represent the terms for ‘hybrid
nanofluid’, ‘nanofluid’ and ‘solid nanoparticle’, respectively. The solid nanoparticles volume fraction
for alumina and copper are given by 1 and 2 , respectively.
The thermophysical properties of the base fluid and solid nanoparticles at 25 C and the applied
models for physical properties of hybrid nanofluid and nanofluid are tabulated in Table 1 and Table
2, respectively.
Table 1
Thermophysical properties of regular fluid and solid nanoparticles
(Oztop and Abu-Nada [45])
Properties
 10 (1/ K )
5

𝐶𝑝 (J/kg K)
k (W / mK )

 (kg / m )
3

Water
21
4180
0.6071
997.0

Al2 O3
0.85
765
40
3970

Cu
1.67
385
400
8933

The stream function   x, r  defined as u  r 1 r and v  r 1 x which satisfies the continuity Eq.
(1). Next, we introduce the following dimensionless and similarity variables [33,36] into Eqs. (1) to
(4)
   xf ( ),  

T  T
Ur 2
,  ( ) 
,
x
Tw  T

(5)

in which    is the dimensionless temperature with  as the similarity variable. Introducing the
above transformations (5) into Eqs. (2) to (4), yields the following non-linear equations:
B 
1
 2 f   2 f   ff   3   0,
B1 B2
B2 4

(6)
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2C1
      f    0.
Pr C2

(7)

Table 2
Thermophysical properties of nanofluid and hybrid nanofluid (Devi and Devi [14])
Properties
Dynamic
viscosity
Buoyancy
coefficient
Density
Heat capacity

Hybrid Nanofluid

Nanofluid

𝜇𝑓
𝜇ℎ𝑛𝑓 =
(1 − 𝜙1 )2.5 (1 − 𝜙2 )2.5
(𝜌𝛽)ℎ𝑛𝑓 = (1 − 𝜙2 )[(1 − 𝜙1 )(𝜌𝛽)𝑓 + 𝜙1 (𝜌𝛽)𝑠1 ]
+𝜙2 (𝜌𝛽)𝑠2
𝜌ℎ𝑛𝑓 = (1 − 𝜙2 )[(1 − 𝜙1 )𝜌𝑓 + 𝜙1 𝜌𝑠1 ] + 𝜙2 𝜌𝑠2
(𝜌𝐶𝑝 )ℎ𝑛𝑓 = (1 − 𝜙2 ) [(1 − 𝜙1 )(𝜌𝐶𝑝 )𝑓 + 𝜙1 (𝜌𝐶𝑝 )𝑠 ]
1

+𝜙2 (𝜌𝐶𝑝 )𝑠

2

Thermal
Conductivity

𝑘ℎ𝑛𝑓 𝑘𝑠2 + 2𝑘𝑏𝑓 − 2𝜙2 (𝑘𝑏𝑓 − 𝑘𝑠2 )
=
,
𝑘𝑏𝑓
𝑘𝑠2 + 2𝑘𝑏𝑓 + 𝜙2 (𝑘𝑏𝑓 − 𝑘𝑠2 )
𝑘𝑏𝑓 𝑘𝑠1 + 2𝑘𝑓 − 2𝜙1 (𝑘𝑓 − 𝑘𝑠1 )
where
=
𝑘𝑓
𝑘𝑠1 + 2𝑘𝑓 + 𝜙1 (𝑘𝑓 − 𝑘𝑠1 )

𝜇𝑓
(1 − 𝜙)2.5
(𝜌𝛽)𝑛𝑓 = (1 − 𝜙)(𝜌𝛽)𝑓
+𝜙(𝜌𝛽)𝑠
𝜌𝑛𝑓 = (1 − 𝜙)𝜌𝑓 + 𝜙𝜌𝑠
(𝜌𝐶𝑝 )𝑛𝑓 = (1 − 𝜙)(𝜌𝐶𝑝 )𝑓
𝜇𝑛𝑓 =

+𝜙(𝜌𝐶𝑝 )𝑠
𝑘𝑛𝑓 𝑘s + 2𝑘𝑓 − 2𝜙(𝑘𝑓 − 𝑘s )
=
𝑘𝑓
𝑘s + 2𝑘𝑓 + 𝜙(𝑘𝑓 − 𝑘s )

such that
B1  1  1 

2.5

1  2 

2.5

,


 

B2  1  2  1  1   1 s1   2 s 2 ,
 f 
f


  s1 
  s 2
B3  1  2  1  1   1
  2
,
   f 
   f


and
𝐶1 =

𝑘ℎ𝑛𝑓 𝑘𝑠2 + 2𝐶0 𝑘𝑓 − 2𝜙2 (𝐶0 𝑘𝑓 − 𝑘𝑠2 )
𝑘𝑠1 + 2𝑘𝑓 − 2𝜙1 (𝑘𝑓 − 𝑘𝑠1 )
=
𝐶0 where 𝐶0 =
,
𝑘𝑓
𝑘𝑠2 + 2𝐶0 𝑘𝑓 + 𝜙2 (𝐶0 𝑘𝑓 − 𝑘𝑠2 )
𝑘𝑠1 + 2𝑘𝑓 + 𝜙1 (𝑘𝑓 − 𝑘𝑠1 )

𝐶2 = (1 − 𝜙2 ) [(1 − 𝜙1 ) + 𝜙1

(𝜌𝐶𝑝 )

𝑠1

(𝜌𝐶𝑝 )

] + 𝜙2

𝑓

(𝜌𝐶𝑝 )

𝑠2

(𝜌𝐶𝑝 )

.

(8)

𝑓

The transformed boundary conditions are now becoming




f  c   c, f   c   ,   c   1,
2
2
1
f     1    ,  ( )  0 as   .
2

(9)

Here, primes refer to differentiation with respect to  where   c is the needle thickness,  is the
mixed convection parameter,  is the velocity ratio or moving parameter between the surface and
the flow with the composite velocity of U  U w  U  and Pr is the Prandtl number. These parameters
and dimensionless numbers are defined as follows:
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Grx
U

,   w , Pr 
2
Re x
U




(10)

where the local Grashof number is 𝐺𝑟𝑥 = (𝑇𝑤 − 𝑇∞ )𝑔𝛽𝑓 𝑥 3 /𝜈 2 and the local Reynolds number is
Re x  Ux /  . Noteworthy when   0, the flow is assisting and when   0, the flow is opposing.
The practical quantities in this study are the shear stress coefficient or skin friction C f and the
local Nusselt number Nux which is defined by
𝐶𝑓 =

𝜇ℎ𝑛𝑓
𝜌𝑈 2

Nu x  

4𝑐 1⁄2
(Re𝑥 )−1/2 𝑓 ″ (𝑐)
2.5
2.5
1 ) (1−𝜙2 )

(𝑢𝑟 )𝑟=𝑐 = (1−𝜙

(11)

2k
x
1/ 2
Tr r c   hnf c1/ 2  Re x     c 
T

T
k
 w 
f

(12)

3. Stability Analysis
To perform a stability analysis, first we consider the unsteady form of Eqs. (2) and (3) as follows:
ut  uu x  vur 

  hnf
hnf 1
g T  T  ,
 rur r 
 hnf r
 hnf

(13)

Tt  uTx  vTr 

1 khnf
r  C p 

(14)

 rTr r .
hnf

By initiating the dimensionless time variable   2Ut / x, the following new similarity variables are
 ( x, r )   xf ( , ),  

T  T
Ur 2
2Ut
,  ( , ) 
, =
,
x
Tw  T
x

(15)

It is worth knowing that the function of  in this analysis is well related to an initial value problem
that is consistent with the solution that will be yielded in practice. Using Eq. (15) into Eqs. (13) and
(14), we obtain
1
𝐵1 𝐵2

𝜕3 𝑓

𝜕2 𝑓

𝐵 𝜆

𝜕2 𝑓

𝜕𝑓 𝜕2 𝑓

𝜕2 𝑓

𝜕2 𝑓 𝜕𝑓

[2𝜂 𝜕𝜂3 + 2 𝜕𝜂2 ] + 𝐵3 4 𝜃 − 𝜕𝜂𝜕𝜏 + 𝜏 𝜕𝜂 𝜕𝜂𝜕𝜏 + 𝑓 𝜕𝜂2 − 𝜏 𝜕𝜂2 𝜕𝜏 = 0,

C1
Pr C2

2

  2
  
f 

f 

f

 0,
 2 2  2  
  
 

 
 

(16)

(17)

together with the conditions below:
f

f

(c, )  c,
(c, )  ,  (c, )  1,

2

2
f
1 
( , ) 
,  ( , )  0 as   .

2
f (c, )  

(18)
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In the work of Weidman et al., [44], they introduced the following two equations to identify the
stability of the solution f  f 0 ( ) and    0 ( ) for Eqs. (16) to (18).
f ( , )  f 0 ( )  e F ( , ),

(19)

 ( , )  0 ( )  e G( , ),

Here,  is the eigenvalue parameter, F ( , ) is the small relative to f 0 ( ) and G ( , ) is the small
relative to  0 ( ).
Replacing Eq. (19) into Eqs. (16) to (18), the following linear eigenvalue problems can be written
as:
B 
2 
2
F0 
F0  3 G0  f 0 F0  F0 f 0   F0  0
B1 B2
B1 B2
B2 4

(20)

2C1  2C1
G0 
G0  f 0G0  F00   G0  0
Pr C2
Pr C2

(21)

Then, the boundary conditions become
F0 (c)  0,
F0 ( )  0,

F0 (c)  0,

G0 (c)  0

G0 ( )  0

as

 

(22)

The next step to perform this stability is to assume   0 which corresponds to an initial growth
or decay of the solution (19). Hence, in the meantime functions F ( , ) and G ( , ) can be rewritten
as F0 ( ) and G0 ( ), respectively. There are two possibilities to relax the boundary conditions whether
on F0 ( ) or on G0 ( ) (see Harris et al., [46]). For the current work, we choose to relax the condition
on F0 ( )  0 as   . Thus, we solve the system of Eqs. (20) to (22) together with the condition
F0 (c)  1.

4. Numerical Approach
The coupled nonlinear ordinary differential equations (ODEs) from Eqs. (6) to (7) with the related
boundary conditions in Eq. (9) are executed numerically via a very efficient technique, called bvp4c
solver through MATLAB software. To acquire the solution, we apply the initial guess at the starting
mesh point and then modify the step size to gain a particular certainty. To further use this technique,
we have to reconstruct the nonlinear ODEs into first-order ODEs. Now, we subsequently propose the
following variables:
𝑦1 = 𝑓(𝜂), 𝑦2 = 𝑓 ′ (𝜂), 𝑦3 = 𝑓′′(𝜂),
𝑦4 = 𝜃(𝜂), 𝑦5 = 𝜃 ′ (𝜂)

(23)

Where
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𝑦1′ = 𝑦2 , 𝑦2′ = 𝑦3 , 𝑦4′ = 𝑦5 .

(24)

Following this, the Eqs. (6) to (7) can be substituted by
1

𝑦3′ = − 𝜂 [𝑦3 +
1

𝑦5′ = − 𝜂 [𝑦5 +

𝐵1 𝐵2
2

𝑦1 𝑦3 +

𝐵1 𝐵3
8

𝜆𝑦4 ],

(25)

𝑃𝑟 𝐶2

𝑦 𝑦 ],
2 𝐶1 1 5

(26)

and the indispensable boundary conditions are
𝜀

𝑦𝑎1 − 2 𝑐 = 0,

𝜀

𝑦𝑎2 − 2 = 0,

1

𝑦𝑏2 − 2 (1 − 𝜀) = 0,

𝑦𝑎4 − 1 = 0,

𝑦𝑏4 = 0

(27)

From the above equations, 𝑎 and 𝑏 are regarded as the situations on the surface, 𝜂 = 𝑐 and far-field,
𝜂 = 𝜂∞ , respectively.
Afterward, the numerical findings have been reached by guessing the inputs of unidentified
1
parameters 𝜆, 𝜀, 𝑐, 𝜙1 and 𝜙2 that satisfied the condition 𝑓′(𝜂) → 2 (1 − 𝜀), 𝜃(𝜂) → 0 as 𝜂 → ∞. The
procedure is reiterated until the converged solution meets a tolerance limit of 10−6.
5. Code of Verification
To authenticate the validity of the present work, we have initially matched the values of shear
stress 𝑓′′(𝑐) for some values of 𝑐 when Pr = 1 with Ishak et al., [30] and Soid et al., [36] as given in
Table 3. In this comparison, we consider the situation where the needle moves against the free
stream flow, 𝜀 = −1 for 𝜆 = 𝜙1 = 𝜙2 = 0. We observed that the numerical values in Table 3 are in an
excellent assurance with the existing publication.
Table 3
Values of shear stress 𝑓′′(𝑐) for 𝜆 = 𝜙1 = 𝜙2 = 0
𝑐
0.01
0.1
0.2

Ishak et al., [30]
Upper branch Lower branch
26.6021
2.8031
3.7162
0.3884

Soid et al., [36]
Upper branch
26.599394
3.703713
2.005424

Lower branch
2.805533
0.389103
0.227837

Current results
Upper branch
26.599394
3.703714
2.005427

Lower branch
2.805533
0.389113
0.227839

6. Discussion of Results
The aim of this section is to analyze the variations of solid nanoparticles volume fraction (𝜙1 and
𝜙2 ), mixed convection parameter (𝜆), velocity ratio parameter (𝜀), thickness of the needle (𝑐) on the
dimensionless velocity and temperature profiles, skin friction coefficient and the local Nusselt
number or heat transfer rate. To get a clear understanding of a present study, these variations are
presented with the help of graphical illustrations as shown in Figure 2 to Figure 11. In certain
parameter domain, it is revealed that the dual solutions are likely to exist in such domain. The way
we differentiate the dual solutions is by considering the upper branch solution as the solution with
higher values of reduced skin friction 𝑓 ″ (𝑐) and reduced local Nusselt number −𝜃 ′ (𝑐), and lower
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branch solution as the solution with lesser values of 𝑓 ″ (𝑐) and −𝜃 ′ (𝑐). Throughout this study, the
range of the nanoparticle concentration is considered between 0.4% to 2% (see Kumar et al., [47]).
The variation trends of reduced skin friction coefficient and reduced local Nusselt number as well
as, the dimensionless velocity and temperature profiles, are demonstrated in Figure 2 to Figure 5 for
several types of fluid, namely regular fluid or water (𝜙1 = 𝜙2 = 0), alumina nanofluid (𝜙1 =
0.01, 𝜙2 = 0) and alumina-copper hybrid nanofluid (𝜙1 = 𝜙2 = 0.01). As illustrated in Figures 2 and
3, the reduced skin friction coefficient and the local Nusselt number are higher for hybrid nanofluid
followed by nanofluid and water in a certain domain of 𝜆. This situation takes place due to the
decrement of both velocity and thermal boundary layer thicknesses at the wall as can be seen in
Figures 4 and 5. The truth is by combining two different kinds of nanoparticles, its physical properties
will automatically combine each other, and consequently, provides a good performance on both
𝑓 ″ (𝑐) and −𝜃 ′ (𝑐). An interesting behavior is found in Figures 2 and 3 where the multiple solutions
appear in a certain region of mixed convection parameter, say 𝜆𝑐 < 𝜆 ≤ −0.1. 𝜆𝑐 is the critical value
of parameter 𝜆 by which the upper and lower branch solutions connect. In addition, only unique
solutions exist for 𝜆 > 0 and no solutions for 𝜆 < 𝜆𝑐 .

Fig. 2. Variation of 𝜙1 and 𝜙2 on reduced skin
friction coefficient 𝑓 ″ (𝑐)

Fig. 3. Variation of 𝜙1 and 𝜙2 on reduced local
Nusselt number−𝜃 ′ (𝑐)

Fig. 4. Variation of 𝜙1 and 𝜙2 on dimensionless
velocity profiles 𝑓 ′ (𝜂)

Fig. 5. Variation of 𝜙1 and 𝜙2 on dimensionless
temperature profiles 𝜃(𝜂)
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Figures 6 and 7 illustrated the influence of the copper nanoparticle volume fraction 𝜙2 on reduced
skin friction coefficient and reduced local Nusselt number versus velocity ratio parameter 𝜀
when 𝜙1 = 0.1. It is noticed from Figures 6 and 7 that the reduced skin friction coefficient and local
Nusselt number enhance with the increase in the parameter 𝜙2. However, the reduced local Nusselt
number only augments in a certain range of −3.06 ≤ 𝜀 ≤ −0.3. The increment in Figure 6 is usually
due to the movement of the needle that opposes the direction of free-stream flow (𝜀 < 0) which then
causes the velocity ratio to diminish, and as a result, delay the movement of the needle and induces
more friction on the surface. Physically, the addition of more copper nanoparticles in the system
gives space for drag force to occur on the needle surface. Accordingly, it enhances the magnitude of
the reduced skin friction coefficient because of the collision between those nanoparticles. The
velocity and temperature distributions for varying copper nanoparticle volume fraction 𝜙2 are
presented in Figures 8 and 9. In these profiles, we noted that the monotonic behavior of the lines
had satisfied the far-field boundary conditions in Eq. (9). Thus, the numerical result obtained for the
current work is confirmed. Besides, the dual solutions are observed to exist when the 𝜀𝑐 ≤ 𝜀 ≤ −0.1.

Fig. 6. Variation of 𝜙2 on reduced skin friction
coefficient 𝑓 ″ (𝑐)

Fig. 8. Variation of 𝜙2 on dimensionless velocity
profiles 𝑓 ′ (𝜂)

Fig. 7. Variation of 𝜙2 on reduced local Nusselt
number −𝜃 ′ (𝑐)

Fig. 9. Variation of 𝜙2 on dimensionless temperature
profiles 𝜃(𝜂)
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Table 4 is prepared to show the effect of the embedded parameters of interest, namely, 𝜙1 , 𝜙2 ,
𝑐, 𝜆 and 𝜀 on the numerical values of the skin friction coefficient and the rate of heat transfer or
local Nusselt number when Pr = 6.2. From this table, one can see that the skin friction coefficient
𝐶𝑓 (𝑅𝑒𝑥 )1⁄2 and local Nusselt number 𝑁𝑢𝑥 (𝑅𝑒𝑥)−1/2 are noticed to increase as the nanoparticle
volume fraction of alumina (𝜙1 ) and copper (𝜙2 ) increase. When there are many nanoparticles in the
flow, it would tend to create more friction on the surface and consequently enhance the skin friction
coefficient. In addition, the continuous collision between those nanoparticles helps the heat to
quickly transfer from the surface to the fluid. This criterion can increase the rate of heat transfer on
the needle surface. From this table, it is observed that the addition of every 0.2% alumina and copper
nanoparticle (𝜙1 and 𝜙2 ) into a base fluid tends to increase the heat transfer rate for about 18% up
to 44%. Besides that, as expected the values of skin friction and heat transfer rate seem to decrease
as the needle thicknesses enlarge. This is due to the increment in the momentum and thermal
boundary layer thicknesses as the values of 𝑐 increase as illustrated in Figures 10 and 11. In heat
transfer process, the thin wall of the needle reduces the time required for the heat to transfer from
the wall to the fluid. This consequently increases the heat transfer rate on the wall. An increase in
the values of mixed convection parameter 𝜆 increases the skin friction coefficient and heat transfer
rate. Meanwhile, the results are invertible as the velocity ratio parameter 𝜀 increase.
For the stability analysis results, we present the minimum eigenvalues  for different values of
solid nanoparticle volume fractions (𝜙1 and 𝜙2 ) and mixed convection parameter
𝜆 as tabulated in Table 5. It is seen from the table that, the upper branch solutions give positive
values, whereas the lower branch solutions give negative values. This implies that the upper branch
solution is stable and physically realistic, while the lower branch solution is not. Physically, it makes
sense because the upper branch solution always takes the highest values which are near to the
needle wall. It is worth knowing that the solutions near to the surface always provides a good physical
interpretation.
Table 4
Computational values of skin friction coefficient 𝐶𝑓 (𝑅𝑒𝑥 )1⁄2 and local Nusselt number
𝑁𝑢𝑥 (𝑅𝑒𝑥 )−1/2 for some values of 𝜙1 , 𝜙2 , 𝑐, 𝜆 and 𝜀 when Pr = 6.2
𝝓𝟏
0.0
0.01
0.006
0.008
0.01

𝝓𝟐
0.0
0.01

0.004
0.006
0.008
0.01

𝒄
0.1

0.08
0.12
0.14
0.1

𝝀
-1.4

-1.2
-1.0
-0.8
-1.4

𝜺
-1.6

-1.4
-1.2
-1.0

𝒇″ (𝒄)
3.733250
3.888061
3.864804
3.876544
3.838716
3.855691
3.872130
5.055410
3.018988
2.125605
4.091900
4.272328
4.436460
3.570228
3.220411
2.843003

𝑪𝒇 (𝑹𝒆𝒙 )𝟏⁄𝟐
8.249395
8.591482
10.035391
11.960783
6.318874
10.011728
11.947164
9.991631
7.307806
5.557527
9.041907
9.440600
9.803284
7.889163
7.116170
6.282208

−𝜽′ (𝒄)
1.161716
1.298285
1.276357
1.287391
1.254145
1.269169
1.283877
1.914767
0.862406
0.451796
1.370752
1.432256
1.48621
1.519392
1.751543
1.994709

𝑵𝒖𝒙 (𝑹𝒆𝒙 )−𝟏/𝟐
1.280124
1.430613
1.603928
1.844254
1.044669
1.597825
1.846356
1.887179
1.041009
0.589058
1.510466
1.578239
1.637692
1.674256
1.930069
2.198020
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Fig. 10. Variation of 𝑐 on dimensionless velocity
profiles f ( )

Fig. 11. Variation of c on dimensionless
temperature profiles  ( )

Table 5
Minimum eigenvalues  when Pr  6.2, c  0.1 and   1.0 for different values of
, 𝜙1 and 𝜙2
𝝓𝟏 and 𝝓𝟐
𝝓𝟏 = 𝝓𝟐 = 𝟎

𝝓𝟏 = 𝟎. 𝟎𝟏, 𝝓𝟐 = 𝟎

𝝓𝟏 = 𝝓𝟐 = 𝟎. 𝟎𝟏



-1.93
-1.935
-1.9358
-2.02
-2.024
-2.0248
-2.11
-2.113
-2.1136

Upper branch solution
0.0675
0.0646
0.0641
0.0597
0.0571
0.0566
0.0717
0.0702
0.0699

Lower branch solution
-0.0625
-0.0600
-0.0596
-0.0558
-0.0536
-0.0531
-0.0661
-0.0648
-0.0645

7. Conclusions
The consideration of hybrid nanofluid in the steady flow of a moving thin needle with the
presence of the buoyancy effect has been performed in this work. The followings are the effect of
the physical parameters of interest on the characteristics of the fluid flow:
i. Hybrid nanofluid gives higher magnitudes of the reduced skin friction coefficient and local
Nusselt number than nanofluid and water.
ii. The presence of high copper nanoparticle volume fraction 𝜙2 increases the reduced skin
friction and local Nusselt number when 𝜙1 is constant.
iii. The existence of the dual solutions is found when the needle opposes the free-stream
direction (𝜀 < 0) and when the flow is opposing (𝜆 < 0).
iv. The skin friction coefficient and the rate of heat transfer occur between the needle and
fluid flow increases when the needle wall becomes thinner.
v. It has been proved by stability analysis that the lower branch solution represents an
unstable solution, while the upper branch solution represents a stable solution.
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