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ABSTRACT
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This research aims to investigate the effect of suction/injection on the stagnation point
flow over an exponentially shrinking sheet in a hybrid nanofluid. It is worth to mention
that hybrid nanofluids are formed by adding the mixture of Ag nanoparticles into a
CuO/water nanofluid. The governing boundary layer equations are transformed into
an ordinary differential equation using a similarity variable. The features of the flow
and heat transfer characteristic for various values of suction/injection parameter,
nanoparticle volume fraction parameter and shrinking parameter are presented
graphically and discussed. The results acquired are in good agreement with previously
published results. Non-unique (more than one) solutions are visible for a certain range
of shrinking parameter. Hence, a stability analysis is performed to identify the stability
of solutions obtained. Therefore, it is confirmed that the first solution is stable whereas
the second solution is unstable. It is revealed that the heat transfer rate of hybrid
nanofluid is greater compared to regular nanofluid.
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1. Introduction
Hybrid nanofluid has been streamlined as a new class of nanofluid, characterized by its thermal
properties and potential utilities that serve the purpose of increasing the rate of heat transfer. Hybrid
nanofluids are fluids that consist of two kinds of nanometer-sized particles, called nanoparticles
dispersed in a base fluid. These hybrid nanofluids have numerous conceivable applications in all fields
of heat transfer such as microfluidics, manufacturing, transportation, defence, medical, naval
structures, acoustics and many more. Since then, many experimental and numerical research articles
have been published with the concept of hybrid nanofluid. Momin [1] investigated experimentally
the mixed convection flow in an inclined tube for hybrid nanofluid. They found that hybrid nanofluids
show higher friction factor and Nusselt number when compared to pure water. Heat transfer
enhancement of Ag-CuO/water hybrid nanofluid in the presence of heat generation, radiation and
chemical reaction had been studied by Hayat and Nadeem [2]. Further, Manjunatha et al., [3]
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analysed the effect of variable viscosity on heat transfer enhancement of hybrid nanofluid. Boundary
layer flow and heat transfer over nonlinear stretching/shrinking surface in hybrid nanofluid was
investigated by Waini et al., [4]. Most of the researchers concluded that hybrid nanofluid flow plays
a more substantial role in the process of heat transfer than a regular nanofluid flow. Also, the
investigation of hybrid nanofluid has been reported by many researchers such as Tayebi and
Chamkha [5], Ghadikolaei et al., [6], Hamid et al., [7], Ghalambaz et al., [8], Waini et al., [9] and Yıldız
et al., [10].
Much attention has been paid in the past decade to this new type of flow generated by a shrinking
sheet due to its applications in industry such as hot rolling, metal extrusion and metal spinning,
drawing of copper wires, glass fiber and many others. Miklavcic and Wang [11] were the first to
investigate the viscous flow over a shrinking sheet. They observed that to maintain the flow of the
shrinking sheet, mass suction is required. The stagnation point flow over the stretching/shrinking
sheet in micropolar fluid with magnetohydrodynamic and slip effect has been investigated by Soid et
al., [12]. Later, Kamal et al., [13] studied the effect of heat source on the stagnation point flow over
stretching/shrinking sheet. While the MHD boundary layer flow over a stretching/shrinking wedge
has been examined by Awaludin et al., [14]. On the other hand, the flow of heat transfer over an
exponentially shrinking sheet was first studied by Magyari and Keller [15]. Very recently, Anuar et al.,
[16] investigated an exponentially vertical stretching/shrinking sheet of carbon nanotube with slip
and suction effects. These authors have shown that there exists a dual solution for the case of a
shrinking sheet. Afterward, the study of boundary layer flow over an exponentially
stretching/shrinking sheet has been investigated by Rehman and Sheikh [17], Alavi et al., [18], Jusoh
et al., [19], Anuar et al., [20] and many more.
The present study is devoted to extending the work of Bachok et al., [21] to the case permeable
plate in a hybrid nanofluid. The implementation of suction and injection effects in this study can
significantly change the flow field and eventually affect the heat transfer rate at the surface [22].
Using suitable similarity variables, ordinary differential equations are formulated and solved
numerically using bvp4c package in Matlab software. The effect of governing parameters on fluid
flow and heat transfer are illustrated graphically. The results obtained will then be examined to
identify the stability of the solutions. We mention here the excellent papers on stability analysis by
Merkin [23], Weidman et al., [24], Harris et al., [25], Najib et al., [26], Anuar et al., [27] and
Naganthran et al., [28].
2. Methodology
2.1 Mathematical Formulation
Let us consider the steady two-dimensional boundary layer flow of a hybrid nanofluid over an
exponentially stretching/shrinking sheet with suction/injection effects. Figure 1 illustrates the flow
configuration and coordinate system. Here, x is the coordinate measured along the sheet in a vertical
direction and y is the coordinate measured in the direction normal to the sheet. The flow is assumed
to be generated by stretching/shrinking sheet with velocity U w  x   ae x L and inviscid flow velocity

U   x   be x L where a, b are constants and L is a characteristic length of the sheet. It is also
2x L
assumed that the temperature of the sheet is Tw  x   T  To e
where T is the temperature of

the ambient fluid and To is the constant that measures the rate of temperature increase along the



sheet. The velocity of the suction or injection is assumed to be vw  x     f b   2 L 



12

e x 2 L s where
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 f is the kinematic viscosity. It should also be mentioned that s  0 is for suction and s  0 is for
injection. Hence, the governing equations of momentum and energy equations can be written as
Bachok et al., [21]

Fig. 1. Physical Model and Coordinate system
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and the associated boundary conditions are

u  U w  x  , v  vw ( x), T  Tw ( x)
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Here,  hnf is the dynamic viscosity of the hybrid nanofluid,  hnf is the density of the hybrid nanofluid
and  hnf is the effective thermal diffusivity of hybrid nanofluid which are defined as [29]:
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k s1  2k f  21  k f  k s1 
k s1  2k f  1  k f  k s1 

Where k is the thermal conductivity and  C p is the heat capacity where the subscript hnf , f , s1
and s 2 represents hybrid nanofluid, fluid, CuO solid fraction and Ag solid fraction. Furthermore, 1
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and  2 represent CuO and Ag nanoparticle volume fraction. It is worth to mention that hybrid
nanofluids are formed by adding the mixture of Ag nanoparticles into a CuO/water nanofluid. The
thermophysical properties of nanoparticles are illustrated in Table 1.
Table 1
Thermophysical properties of nanoparticle [2]
Physical Properties

Base fluid (Water)

CuO

Ag

 (kg m )
C p  J kgK 

997.1

6320

10500

4 179

531.8

235

k W mK 

0.613

76.5

429

 10 1/ K 

21

-

-

3

5

The dimensionless variables are introduced as:
12

 b  x 2L
12
T  T
x 2L
  y
 e ,    2 f Lb  f   e ,    
Tw  T
 2 f L 

(6)

where  is the similarity variable and the stream function  is defined as u   y and
v   x , hence the equation of continuity, Eq. (1) is satisfied. By substituting Eq. (6) into
governing equation from Eqs. (2)-(4), the non-dimensionless equations are obtained as follow:

hnf  f
f   ff   2 f 2  2  0
hnf  f

(7)

khnf k f
1
   f    f   0
Pr   C p 
 C p 

(8)

hnf

f

the corresponding boundary conditions are:

f  0   s, f   0    ,   0   1,
f     1,     0 as   

(9)

Here, prime denote differentiation with respect to  , Pr is the Prandtl number and   a b is the
shrinking parameter with   0 .
The physical quantities of interest are skin friction coefficient and local Nusselt number which are
defined as

Cf 

w
,
 f U 2

Nux 

2Lqw
k f Tw  T 

(10)

where the surface shear stress  w and the heat flux qw are given by
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 u 

 w  hnf   ,
 y  y  0

 T 
qw   khnf 

 y  y  0

(11)

using the similarity variables (6), we obtain:
Re1x 2 C f 

hnf
f   0  ,
f

Re x 1 2 Nux  

khnf
kf

  0

(12)

where Re x  U  x  f is the local Reynold number.
2.2 Flow Stability
We now investigate the stability of solutions by first considering the time-dependent problem
(see Merkin [23]). Therefore, Eq. (1) holds, while Eqs. (2) and (3) are replaced by:
dU  hnf  2u
u
u
u
u
v
 U

t
x
y
dx
hnf y 2

(13)

T
T
T
 2T
u
v
  hnf 2
t
x
y
y

(14)

with the corresponding initial and boundary conditions:

t0

u  v  0, T  T

t0

u  U w  x  , v  vw ( x), T  Tw ( x) at y  0

for any x, y
(15)

u  U   x  , T  T as y  
where t denotes the time. The new variable  and new non-dimensionless variables are introduced:
12

 b  x 2L
12
T  T
bt x 2 L
x 2L
  y
, =
e
 e ,    2 f Lb  f  ,  e ,  ,  
Tw  T
2L
 2 f L 

(16)

using the similarity transformation in Eq. (16), the time-dependent governing equations in Eqs. (13)
and (14) are transformed as follows:
2
hnf  f 3 f
2 f
 f  2 f f  2 f   2 f
 f 
2
2 f
 2 


0
2 
hnf  f  3   
 2
      

(17)

khnf k f
 f  f   
1
 2
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2
Pr   C p 


     

C p  


hnf
f

(18)

subject to boundary conditions
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f  0,   s,

f
 0,    ,   0,   1,


f
 ,   1,   ,   0 as   


(19)

The following term [24] are introduced:

f  ,   f o    e  F  ,  ,   ,    o    e  G  , 

(20)

Therefore, the stability solution f    f o   and      o   fulfilling the boundary-value
problem can be identified where F  ,  and G  ,  are small relative to f o   and  o   , while

 is an unknown eigenvalue.
Upon substituting Eq. (20) into Eqs. (17) and (18) along with the boundary conditions in Eq. (9),
the new linearized problems are obtained. Setting   0 as suggested by Weidman et al., [24],
eventually F    Fo   and G    Go   . Hence, we obtained the final equations as in the
following form:





hnf  f
F   f o Fo  f o Fo  4 f o   Fo  0
hnf  f o

(21)

khnf k f
1
G   f G   F    F   G f    Go  0,
Pr   C p 
 C p  o o o o o o o o o

(22)

hnf

f

the boundary conditions are now reduced to:

Fo  0   0, Fo  0   0, G o  0   0,
Fo    0, G o    0, as   

(23)

The smallest eigenvalues  can be determined by relaxing the boundary condition on Fo   as
suggested by Harris et al., [25]. For the present research, the boundary conditions Fo    0 as

   is relax and be replaced by new boundary condition Fo  0   1 .
3. Results
The bvp4c solver in Matlab software is used to solve the system of ordinary differential equation
from Eqs. (7) and (8) with the boundary conditions from Eq. (9). In order to validate the numerical
results and the accuracy of the applied technique in the present problem, the comparison values of
skin friction coefficient f   0  and heat transfer    0  for viscous fluid and s  0 are shown in
Tables 2 and 3. It is clear that the obtained outcomes are in good agreement with the previously
reported results of Bachok et al., [21] and Subhashini et al., [30]. The values of f   0  and    0 
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for hybrid nanofluid 1   2  0.1 are also included in these tables for future reference. Following
Oztop and Abu-Nada [31], the values of nanoparticle volume fractions are varying from 0 to 0.2
 0    0.2  and Prandtl number is taken as 6.2 throughout the whole research. The effects of
suction/injection parameter, nanoparticle volume fraction parameter and stretching/shrinking
parameter on the dimensionless velocity, temperature, skin friction coefficient and local Nusselt
number are demonstrated graphically and discussed in details. This research confirms the existence
of non-unique solutions for a certain range of shrinking sheet    1 and unique solution when

1    0 . However, there are no solution when    c , where  c is a critical values of  which
depends on other parameters.
Table 2
Values of f   0  for some values of  when s  0 and Pr  6.2
1

2



0

0

0.1

0.1

-0.5
0
-0.5
0

Bachok et al., [21]
2.1182
1.6872
-

Subhashini et al., [30]
2.1176
1.6863
-

Present results
2.1182
1.6872
2.5391
2.0225

Table 3
Values of    0 for some values of  when s  0 and Pr  6.2
1

2



0

0

0.1

0.1

-0.5
0
-0.5
0

Bachok et al., [21]
0.6870
1.7148
-

Present results
0.6870
1.7148
0.8603
1.4585

The effect of suction/injection parameter s on skin friction f   0  and velocity profile f    are
shown in Figures 2 and 3. It is observed that in the case of hybrid nanofluid 1   2  0.1 , the
presence of suction  s  0.2  could increase the flow resistance, while injection  s  0.2  decreases
the flow resistance for the first solution. Additionally, we observed contradictory behaviour for the
second solution. Figures 4 and 5 present the performance of heat transfer    0  and temperature
profile    for various values of suction/injection parameter s . Injection is discussed to inspect the
rise in temperature, while suction depicts the reverse trends to cools the system for the first solution
and vice versa for the second solution. It is further observed that when suction takes place in the
boundary layer, the solution existence range is bound to increase and hence postponing the
boundary layer separation. Also, it is seen that these profiles satisfied asymptotically the far field
boundary conditions from Eq. (9).
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Fig. 2. Skin friction f   0  for different s

Fig. 3. Velocity profile f    for different s

Fig. 4. Heat transfer    0  for different s

Fig. 5. Temperature profile   0  for different s

Figures 6 and 7 reflect the influence of Ag nanoparticle volume fraction  2 on skin friction and

heat transfer in the presence of suction  s  0.2  . It is analysed that the skin friction and heat transfer

increase by increasing values of Ag nanoparticle volume fraction. However, Figure 7 displayed the
reverse trend when   0.8 . Moreover, it has been observed that the addition of nanoparticle
volume fraction in nanofluid for suction case causes the postponing of boundary layer separation.
The effect of Ag nanoparticle volume fraction in the presence of injection  s  0.2  on skin friction
and heat transfer are shown in Figures 8 and 9. From these figures, it is found that the skin friction
and heat transfer increase with the increasing values of Ag nanoparticle volume fraction. It is noticed
that for the case of injection, the addition of Ag nanoparticle volume fraction in nanofluid tends to
accelerate the boundary layer separation. It is important to note that hybrid nanofluid offers higher
skin friction and heat transfer compared to nanofluid for both suction and injection case.
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Fig. 6. Skin friction f   0  for different values of

Fig. 7. Heat transfer    0  for different values

Ag nanoparticle volume fraction  2 when

of Ag nanoparticle volume fraction  2 when

s  0.2

s  0.2

Fig. 8. Skin friction f   0  for different values of Ag

Fig. 9. Heat transfer    0  for different values

nanoparticle volume fraction  2 when s  0.2

of Ag nanoparticle volume fraction  2 when

s  0.2
The effects of suction/injection parameter s and nanoparticle volume fraction are depicted in
Figures 10 and 11 for skin friction coefficient Re1x 2 C f and local Nusselt number Rex1 2 Nux . It is
witnessed that for increasing values of Ag nanoparticle volume fraction  2 and suction/injection
parameter s , the skin friction coefficient and local Nusselt number increases. Also, the values of
these quantities increase almost linearly with increasing values of CuO nanoparticle volume fraction
 2 . Figures 12 and 13 represent the effect of shrinking sheet on velocity f    and temperature
profile    for the case of suction and hybrid nanofluid. It is found that with the increasing
magnitude of the shrinking sheet, the velocity profile decreases for the first solution and increases
for the second solution. Meanwhile, the temperature profile increase for the first solution and
decreases for the second solution.
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different values of s

Fig. 11. Nusselt number Rex 1/2 Nux for different
values of s

Fig. 12. Velocity profile f    for different values

Fig. 13. Temperature profile    for different

of shrinking parameter 

values of shrinking parameter 

1/ 2
Fig. 10. Skin friction coefficient Re x C f for

Since the obtained results are non-unique solutions, we are intended to do a stability analysis in
order to identify which solution is stable and physically realizable. The system of linearized from Eqs.
(21) and (22) along with the boundary condition in Eq. (23) are solved using the bvp4c solver in Matlab
software to obtain the values of the smallest eigenvalues  . Table 4 illustrates the smallest
eigenvalues for the selected value of shrinking sheet, suction/injection parameter and Ag
nanoparticle volume fraction when CuO nanoparticle volume fraction fixed to 0.1 volume fraction.
These values are approaching zeros as the value of the shrinking parameter close to its critical value.
Moreover, we can observe that the first solution presents positive values while the second solution
shows the negative values. The positive value indicates that there exists only slight disturbance in the
flow which does not interrupt the boundary layer separation and vice versa for the second solution.
Hence, we can conclude that the first solution is stable meanwhile the second solution is unstable.
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Table 4
Smallest eigenvalues  for selected values of s,  2 and  when 1  0.1
2
First solution
Second solution
s

0
-0.2

0.1

0
0.2

0.1

-1.3936
-1.393
-1.39
-1.3845
-1.384
-1.38
-1.5917
-1.591
-1.59
-1.6033
-1.603
-1.6

0.05739
0.13530
0.30584
0.06184
0.12784
0.34170
0.06220
0.14597
0.21508
0.05977
0.10509
0.29319

-0.05733
-0.13496
-0.30414
-0.06177
-0.12755
-0.33958
-0.06212
-0.14556
-0.21418
-0.05971
-0.10488
-0.29152

4. Conclusions
In the present study, the effect of suction/injection on the stagnation point flow over an
exponentially shrinking sheet of hybrid nanofluid was studied numerically. From the numerical
results obtained, some important conclusions are summarized:
i. The non-unique solutions exist for a certain range of the shrinking parameter    1
ii.
iii.
iv.
v.
vi.

vii.

and unique solutions when   1 .
The suction parameter has a high impact on skin friction and heat transfer compared to
injection parameter.
The existence of suction parameter expands the range of solutions to exists and
consequently delays the boundary layer separation.
The increasing value of Ag nanoparticle volume fraction on CuO/water nanofluid causes
increases in skin friction and heat transfer.
Hybrid nanofluid would give preferable heat transfer execution and skin friction when
contrasted with nanofluid.
For the case of suction, the range of solutions to exist increase with increasing value of Ag
nanoparticle volume fraction and contradictory observations are made for the case of
injection.
Stability analysis ratifies the first solution as a stable solution and the second solution as
an unstable solution.
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