CFD Letters 12, Issue 2 (2020) 80-94

CFD Letters
Journal homepage: www.akademiabaru.com/cfdl.html
ISSN: 2180-1363

Stagnation Point Flow of Hybrid Nanofluid over a Permeable
Vertical Stretching/Shrinking Cylinder with Thermal
Stratification Effect

Open
Access

Najiyah Safwa Khashi’ie1,2,*, Ezad Hafidz Hafidzuddin3, Norihan Md Arifin1,4, Nadihah Wahi4
1
2

3
4

Institute for Mathematical Research, Universiti Putra Malaysia, 43400 UPM Serdang, Selangor, Malaysia
Fakulti Teknologi Kejuruteraan Mekanikal dan Pembuatan, Universiti Teknikal Malaysia Melaka, Hang Tuah Jaya, 76100, Durian Tunggal,
Melaka, Malaysia
Centre of Foundation Studies for Agricultural Science, Universiti Putra Malaysia, 43400 UPM Serdang, Selangor, Malaysia
Department of Mathematics, Faculty of Science, Universiti Putra Malaysia, 43400 UPM Serdang, Selangor, Malaysia

ARTICLE INFO

ABSTRACT

Article history:

Hybrid nanofluid is invented to improve the heat transfer performance of traditional
working fluids (water, traditional nanofluid) in many engineering applications. The
present study highlights the numerical solutions and stability analysis of stagnation
point flow using hybrid nanofluid over a permeable stretching/shrinking cylinder. The
combination of copper (Cu) and alumina (Al2O3) nanoparticles with water as the base
fluid is analytically modeled using the single phase model and modified thermophysical
properties. A set of transformation is adopted to reduce the complexity of the
governing model and then, numerically computed using the bvp4c solver in Matlab
software. Suction parameter is vital to generate dual similarity solutions in shrinking
cylinder case while no solution is found if the surface is impermeable. Two solutions
are possible for the assisting and opposing flow within a specific value of the buoyancy
parameter. For the shrinking cylinder, Al2O3-water nanofluid has the lowest heat
transfer rate than Cu-water and hybrid Cu-Al2O3/water nanofluids. A suitable
combination of alumina and copper nanoparticles volumetric concentration in hybrid
nanofluid can produce higher heat transfer rate than the Cu-water nanofluid. The
execution of stability analysis reveals that the first solution is more realistic than
second solution. However, the present results are only fixed to the combination of
copper and alumina nanoparticles only and the other kind of hybrid nanofluid may
have different outcomes.
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1. Introduction
Hybrid nanofluid is a new procreation of heat transfer fluid which may provide better heat
transfer performance as compared to the traditional cooling fluid (water, ethylene glycol) and
nanofluid (single nanoparticle). There are many review papers which discussed the significance of
hybrid nanofluids in industrial and technological sectors [1-8], the preparation and stability of the
*
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hybrid nanoparticles. Among of the factors to create a stable hybrid nanofluid is by selecting a good
combination of nanoparticles. The commonly used nanoparticles were categorized into these groups;
metals (Cu, Ag), metal oxides (Al2O3, CuO, Fe2O3), carbon materials (graphite, MWCNTs, CNTs), metal
carbide and metal nitride. Besides, the size, shape and solid volume fractions of the nanoparticles
are also the important factors to optimize the thermal conductivity of the hybrid nanofluid. The
mathematical models by Buongiorno [9] and Tiwari and Das [10] are frequently used in the
formulation of boundary layer flow in nanofluid. Khashi’ie et al., [11,12] used Buongiorno model to
scrutinize the impact of double stratification on heat and mass transfer due to a permeable and
deformable flat plate. Other recent investigations on stretching flow using Buongiorno model can be
found in Rabbi et al., [13,14], Rana et al., [15] and Khan et al., [16]. Devi and Devi [17] introduced the
thermophysical properties to represent hybrid nanofluid, and then adopted them into the existing
Tiwari and Das model. They also revealed that the heat transfer rate of Cu-Al2O3/water hybrid
nanofluid was greater than Cu-water nanofluid under magnetic field environment and low suction
strength (0 ≤ 𝑆 ≤ 1.5).
Stagnation point flow is generally referred to the flow which contact the solid surface and
consequently, separate into two different regions. This kind of flow has extensively been applied in
the industrial and technological sectors since it has optimum heat transfer, fluid pressure and mass
deposition rate around the stagnation point region. Hiemenz [18] and Homann [19] were the earliest
in the classical works of the stagnation point flow. The stagnation point flow due to a stretching flat
plate was first considered by Chiam [20] while Wang [21] considered shrinking sheet and obtained
two solutions. The duality of solutions identified by Wang [21] was validated by Awaludin et al., [22],
and they showed that the first solution was the real solution using the stability analysis. The studies
on the stagnation point flow towards deformable flat plate were later conducted by Khashi’ie et al.,
[23], Nasir et al., [24-26] and Kamal et al., [27,28] using viscous fluid and Khashi’ie et al., [29,30] using
traditional and hybrid nanofluids, respectively. Rostami et al., [31] observed dual solutions for the
stagnation point flow of silica-alumina/water hybrid nanofluid towards a vertical and static plate.
However, due to the advancement in engineering and industrial sectors, fluid flow towards different
surfaces such as disc, wedge and cylinder were further investigated. The analysis of hybrid nanofluid
flow and heat transfer induced by stretching/shrinking disc and wedge were examined by Khashi’ie
et al., [32] and Waini et al., [33], accordingly. The dual nature solutions were feasible when a suction
parameter was imposed in both studies.
Early work on exterior fluid flow towards a stretching cylinder was conducted by Wang [34] while
Ishak and Nazar [35] obtained a similarity solution for laminar boundary layer flow of a viscous fluid
along a stretching cylinder. Poply et al., [36] obtained dual solutions and conducted stability analysis
for the MHD outer velocity flow of a viscous and incompressible fluid. Meanwhile, Vinita and Poply
[37] analyzed the MHD slip flow with heat generation and outer velocity using Buongiorno’s model
of nanofluid. Mixed convective boundary layer flow with prescribed surface heat flux over a vertical
cylinder was studied by Ishak [38] for impermeable cylinder and by Bachok and Ishak [39] for
permeable cylinder. Ishak [38] found dual solutions for both buoyancy assisting and opposing flows
and showed that the application of cylindrical surface could delay the boundary layer separation as
compared to a flat sheet or plate. Arifuzzaman et al., [40] analyzed the heat and mass transfer of
natural convective flow in fourth-grade radiative fluid. Later, Khashi’ie et al., [41] investigated the
hybrid nanofluid flow past a permeable vertical cylinder with thermal stratification effect and
attained two solutions. The stagnation point flow towards a stretching/shrinking cylinder was
considered by Najib et al., [42] for viscous fluid and Omar et al., [43] for Cu-water nanofluid. Recently,
Nadeem et al., [44] studied three dimensional stagnation point flow over a static cylinder and dual
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solutions were found. They also proved that the heat transfer rate of Cu-Al2O3/water hybrid nanofluid
was greater as compared to the Cu-water nanofluid.
Inspired by all the previous literatures, the main idea of the present work is to numerically study
the simultaneous effects of mixed convection and thermal stratification on the stagnation point flow
of hybrid nanofluid towards a stretching/shrinking cylinder. The thermal stratification phenomenon
is assumed with the usage of variable (non-constant) ambient temperature while the surface is
permeable to enhance the flow due to the shrinking cylinder. In the study, the combination of copper
(Cu) and alumina (Al2O3) is used. The governing model (partial differential equations) are converted
into nonlinear ordinary differential equation using a set of similarity transformations and then,
numerically computed using the boundary value problem solver (bvp4c) in Matlab software. Since all
the previous literatures showed the existence of dual similarity solutions for the shrinking case, the
present work also proposes the stability analysis to prove the physical (real) solution. All the authors
are confident that there are no other literatures reported the present work.
2. Methodology
The present work deals with the stagnation point flow of a hybrid nanofluid towards a vertical
permeable stretching/shrinking cylinder as portrayed in Figure 1. The cylinder with radius 𝑅 is
𝑎𝑥
𝑏𝑥
assumed to move with a linear velocity, 𝑢𝑤 (𝑥) = 𝐿 while the free stream velocity is 𝑢𝑒 (𝑥) = 𝐿
where 𝐿 is the characteristic length of the cylinder and 𝑏 is a positive constant. The permeable surface
is important to maintain and enhance the flow due to shrinking cylinder. The fluid velocities are
denoted by 𝑢 and 𝑣 which are measured in the 𝑥 − and 𝑟 − axes, respectively.

(a)

(b)

Fig. 1. The physical model with coordinate system for (a) stretching cylinder (b) shrinking cylinder

Since the mixed effects of convective flow and thermal stratification are incorporated in the
𝐴𝑥
study, the variable wall temperature, 𝑇𝑤 (𝑥) = 𝑇0 + 𝐿 with linear stratified ambient temperature,
𝐵𝑥

𝑇∞ (𝑥) = 𝑇0 + 𝐿 are used where 𝑇0 is the initial ambient temperature of the hybrid nanofluid, 𝐴 is
the characteristic temperature of the cylinder and 𝐵 > 0.
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Under all these assumptions, the mathematical model for the governing problem is (see Najib et
al., [42] and Omar et al., [43])
𝜕(𝑟𝑢)
𝜕𝑥

+

𝜕(𝑟𝑣)

𝜕𝑢

𝜕𝑟

= 0,

𝜕𝑢

𝑢 𝜕𝑥 + 𝑣 𝜕𝑟 = 𝑢𝑒
𝜕𝑇

𝜕𝑇

(1)
𝑑𝑢𝑒
𝑑𝑥

1 𝜕𝑢

(𝜌𝛽𝑇 )ℎ𝑛𝑓 𝑔(𝑇−𝑇∞ )

ℎ𝑛𝑓

𝜕2 𝑇

𝑘

𝑢 𝜕𝑥 + 𝑣 𝜕𝑟 = (𝜌𝐶 )
𝑝

𝜕2 𝑢

𝜇

+ 𝜌ℎ𝑛𝑓 ( 𝜕𝑟 2 + 𝑟 𝜕𝑟 ) +

𝜌ℎ𝑛𝑓

,

1 𝜕𝑇

ℎ𝑛𝑓

(𝜕𝑟 2 + 𝑟 𝜕𝑟 ),

(2)
(3)

along with the initial and boundary conditions
𝑢(𝑥, 𝑟) = 𝑢𝑤 (𝑥), 𝑣(𝑥, 𝑟) = 𝑣𝑤 , 𝑇(𝑥, 𝑟) = 𝑇𝑤 (𝑥) when 𝑟 = 𝑅,

(4)

𝑢(𝑥, 𝑟) → 𝑢𝑒 (𝑥), 𝑇(𝑥, 𝑟) = 𝑇∞ (𝑥) when 𝑟 → ∞.

(5)

𝑇 is the hybrid nanofluid temperature, 𝑔 represents the gravitational acceleration while the
dynamic viscosity, density, thermal expansion, thermal conductivity and specific heat of hybrid
nanofluid are symbolized by 𝜇ℎ𝑛𝑓, 𝜌ℎ𝑛𝑓, (𝛽𝑇 )ℎ𝑛𝑓, 𝑘ℎ𝑛𝑓 and (𝜌𝐶𝑝 )ℎ𝑛𝑓 , respectively. For the numerical
computation, 𝜌ℎ𝑛𝑓, (𝜌𝐶𝑝 )ℎ𝑛𝑓 , 𝜇ℎ𝑛𝑓, 𝑘ℎ𝑛𝑓 and (𝜌𝛽𝑇 )ℎ𝑛𝑓 will be substituted with the expressions as
presented in Table 1. Table 1 also specifies the comparison of the thermophysical properties between
hybrid nanofluid and nanofluid (single nanoparticle). Further, the wall mass transfer equation for the
𝑏𝜈𝑓 𝑅

permeable cylinder is 𝑣𝑤 = −√

𝐿

( 𝑟 ) 𝑆 where wall mass suction for 𝑣𝑤 < 0 and injection for 𝑣𝑤 >

0.
A set of similarity transformations is used to reduce the governing partial differential Eq. (1) – (3)
to a set of ordinary differential equations. The similarity equations are
𝜂=

𝑟 2 −𝑅2
2𝑅

𝑏

𝑏𝜈𝑓

𝑓

𝐿

√𝜈 𝐿 , 𝜓 = √
1 𝜕𝜓

𝑥𝑅𝑓(𝜂), 𝑇 = (𝑇𝑤 (𝑥) − 𝑇0 )𝜃(𝜂) + 𝑇∞ (𝑥),

(6)

1 𝜕𝜓

where 𝑢 = 𝑟 𝜕𝑟 and 𝑣 = − 𝑟 𝜕𝑥 which obeys Eq. (1). Therefore, the new transformed similarity
differential equations with the coupled conditions are given by
𝜇ℎ𝑛𝑓
𝜇𝑓
𝜌ℎ𝑛𝑓
𝜌𝑓

1

[(1 + 2𝛾𝜂)𝑓 ‴ + 2𝛾𝑓 ″ ] = 𝑓 ′2 − 𝑓𝑓 ″ − 1 − 𝐴1 𝜆𝜃,
𝑘ℎ𝑛𝑓
⁄𝑘
𝑓

𝑃𝑟 (𝜌𝐶𝑝 )ℎ𝑛𝑓
⁄
(𝜌𝐶𝑝 )

[(1 + 2𝛾𝜂)𝜃 ″ + 2𝛾𝜃 ′ ] = (𝜃 + 𝛿)𝑓 ′ − 𝑓𝜃 ′ ,

(7)

(8)

𝑓

𝑓(𝜂) = 𝑆, 𝑓 ′ (𝜂) = 𝜀, 𝜃(𝜂) = 1 − 𝛿 at 𝜂 = 0,
𝑓 ′ (𝜂) → 1, 𝜃(𝜂) → 0 as 𝜂 → ∞,

(9)
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And
(1−𝜙2 )[(1−𝜙1 )𝜌𝑓 +𝜙1

𝐴1 =

(𝜌𝛽𝑇 )𝑠1
(𝜌𝛽𝑇 )𝑠2
]+𝜙2
(𝛽𝑇 )𝑓
(𝛽𝑇 )𝑓

(1−𝜙2 )[(1−𝜙1 )𝜌𝑓 +𝜙1 𝜌𝑠1 ]+𝜙2 𝜌𝑠2

.

(10)

The curvature of the cylindrical surface, thermal convection and thermal stratification parameters
are in the form of

  L f

g  T  f Tw  T0  x3  f 2
Grx
bR ,  

,   B A,
2
2
Re x 2
bx
L



2

(11)

f

accordingly. In addition, 𝑆 > 0 stands for suction parameter and 𝑆 < 0 for injection parameter.
𝑠1 and 𝑠2 represent the first and second type of the nanoparticles while 𝜙1 and 𝜙2 are the first and
𝑎
second nanoparticles solid volume fractions, proportionately. 𝜀 = 𝑏 stands for the velocity ratio
parameter and for case 𝛾 > 0 (cylinder), 𝜀 > 0 corresponds to the stretching flow case whereas 𝜀 <
0 corresponds to the shrinking flow case. The present problem is reduced to the stretching/shrinking
flat surface if the value of 𝛾 is zero. In addition, 𝜆 < 0, 𝜆 = 0 and 𝜆 > 0 imply the opposing, forced
convective and assisting flow, respectively.
Table 2 elucidates the values of the thermophysical properties (𝜌, 𝐶𝑝 , 𝑘, 𝛽𝑇 ) between the
nanoparticles (copper, alumina) and regular fluid (water).
Table 1
The thermophysical properties between hybrid and traditional nanofluids (see Devi and Devi [17], Rostami
et al., [31] and Das and Jana [45])
Properties
Density
Heat
Capacity

Hybrid Nanofluid
𝜌ℎ𝑛𝑓 = (1 − 𝜙2 )[(1 − 𝜙1 )𝜌𝑓 + 𝜙1 𝜌𝑠1 ] + 𝜙2 𝜌𝑠2
(𝜌𝐶𝑝 )ℎ𝑛𝑓 = (1 − 𝜙2 ) [(1 − 𝜙1 )(𝜌𝑐𝑝 )𝑓 + 𝜙1 (𝜌𝑐𝑝 )𝑠1 ]

Dynamic Viscocity
Thermal
Conductivity

Thermal
Expansion

+ 𝜙2 (𝜌𝑐𝑝 )𝑠2
𝜇ℎ𝑛𝑓
1
=
2.5
(1 − 𝜙1 ) (1 − 𝜙2 )2.5
𝜇𝑓
𝑘𝑠2 + 2𝑘𝑏𝑓 − 2𝜙2 (𝑘𝑏𝑓 − 𝑘𝑠2 )
𝑘ℎ𝑛𝑓 = [
] 𝑘𝑏𝑓
𝑘𝑠2 + 2𝑘𝑏𝑓 + 𝜙2 (𝑘𝑏𝑓 − 𝑘𝑠2 )
where
𝑘𝑠1 + 2𝑘𝑓 − 2𝜙1 (𝑘𝑓 − 𝑘𝑠1 )
𝑘𝑏𝑓 = [
] 𝑘𝑓
𝑘𝑠1 + 2𝑘𝑓 + 𝜙1 (𝑘𝑓 − 𝑘𝑠1 )
(𝜌𝛽𝑇 )ℎ𝑛𝑓 = (1 − 𝜙2 )[(1 − 𝜙1 )(𝜌𝛽𝑇 )𝑓 + 𝜙1 (𝜌𝛽𝑇 )𝑠1 ]
+ 𝜙2 (𝜌𝛽𝑇 )𝑠2

Traditional Nanofluid
𝜌𝑛𝑓 = (1 − 𝜙)𝜌𝑓 + 𝜙𝜌𝑠
(𝜌𝐶𝑝 )𝑛𝑓 = (1 − 𝜙)(𝜌𝑐𝑝 )𝑓 + 𝜙(𝜌𝑐𝑝 )𝑠
𝜇𝑛𝑓
1
=
(1 − 𝜙1 )2.5
𝜇𝑓
𝑘𝑠 + 2𝑘𝑓 − 2𝜙(𝑘𝑓 − 𝑘𝑠 )
𝑘𝑛𝑓 = [
] 𝑘𝑓
𝑘𝑠 + 2𝑘𝑓 + 𝜙(𝑘𝑓 − 𝑘𝑠 )

(𝜌𝛽𝑇 )𝑛𝑓 = (1 − 𝜙)(𝜌𝛽𝑇 )𝑓 + 𝜙(𝜌𝛽𝑇 )𝑠

Table 2
Thermophysical properties of the alumina, copper and water (see Rostami et al.,
[31], Das and Jana [45] and Oztop and Abu-Nada [46])
Physical
properties
Alumina
Copper
Water

kg
𝜌 ( 3)
𝑚
3970
8933
997.1

𝐽
𝐶𝑝 ( )
kgK
765
385
4179

𝑊
𝑘( )
mK
40
400
0.6130

𝛽𝑇 (𝐾 −1 )
0.85 x 10-5
1.67 x 10-5
21 x 10-5
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The main physical interests of the study are the skin friction coefficient 𝐶𝑓 and the local Nusselt
number 𝑁𝑢𝑥 which are generally in the form of
𝜏𝑤

𝐶𝑓 = 𝜌

2
𝑓 𝑢𝑒

,

𝑁𝑢𝑥 = 𝑘

𝑥𝑞𝑤
,
(𝑇
𝑓 𝑤 (𝑥)−𝑇0 )

(12)

where 𝜏𝑤 is the surface shear stress and 𝑞𝑤 is the surface heat flux
𝜕𝑢

𝜏𝑤 = 𝜇ℎ𝑛𝑓 ( 𝜕𝑟 )

𝑟=𝑅

𝜕𝑇

,

𝑞𝑤 = −𝑘ℎ𝑛𝑓 (𝜕𝑟 )

𝑟=𝑅

.

(13)

Using Eq. (6), (12) and (13), the reduced skin friction coefficient and reduced local Nusselt number
are given by
𝑅𝑒𝑥 1/2 𝐶𝑓 =

𝜇ℎ𝑛𝑓
𝜇𝑓

𝑅𝑒𝑥 −1/2 𝑁𝑢𝑥 = −

𝑓 ″ (0),

𝑘ℎ𝑛𝑓
𝑘𝑓

𝜃 ′ (0),

(14)

where 𝑅𝑒𝑥 = 𝑢𝑒 (𝑥)𝑥/𝜈𝑓 is the local Reynolds number.
3. Temporal Stability Analysis
Generally, zero, unique or multiple solutions are possible in a boundary layer flow problem. For
the case of non-unique or multiple solutions, the first (upper branch) solution is assigned to the
solution which initially satisfies the far field boundary condition. In most problem, the stability
analysis has proved that the first solution is the physical and stable solution. However, there also
exist a problem where lower branch solution is stable as reported by Weidman et al., [47]. Hence, it
is important to execute the stability analysis and validate the reliability of the solution(s). The solution
is not physical (real) if an initial growth of disturbance appears in the solution. The disturbance
(perturbation) may exponentially decay or increase with time. This is the reason for considering an
unsteady problem in the stability formulation. Following Merkin [48], an unsteady form of Eq. (2) and
(3) is considered which are
𝜕𝑢
𝜕𝑡
𝜕𝑇
𝜕𝑡

𝜕𝑢

𝜕𝑢

+ 𝑢 𝜕𝑥 + 𝑣 𝜕𝑟 = 𝑢𝑒
𝜕𝑇

𝜕𝑇

𝑑𝑢𝑒
𝑑𝑥

1 𝜕𝑢

(𝜌𝛽𝑇 )ℎ𝑛𝑓 𝑔(𝑇−𝑇∞ )

ℎ𝑛𝑓

𝜕2 𝑇

𝑘

+ 𝑢 𝜕𝑥 + 𝑣 𝜕𝑟 = (𝜌𝑐 )
𝑝

𝜕2 𝑢

𝜇

+ 𝜌ℎ𝑛𝑓 ( 𝜕𝑟 2 + 𝑟 𝜕𝑟 ) +

ℎ𝑛𝑓

𝜌ℎ𝑛𝑓

,

1 𝜕𝑇

(𝜕𝑟 2 + 𝑟 𝜕𝑟 ),

(15)
(16)

and the relevant similarity transformation is given by
𝜂=

𝑟 2 −𝑅2
2𝑅

𝑏

𝑏𝜈𝑓

𝑓

𝐿

√𝜈 𝐿 , 𝜓 = √

𝑥𝑅𝑓(𝜂, 𝜏), 𝑇 = (𝑇𝑤 (𝑥) − 𝑇0 )𝜃(𝜂, 𝜏) + 𝑇∞ (𝑥),

(17)

𝑏

where 𝜏 = 𝐿 𝑡. Using Eq. (15), Eqs. (13) and (14) can be rewritten as
𝜇ℎ𝑛𝑓
𝜇𝑓
𝜌ℎ𝑛𝑓
𝜌𝑓

𝜕3 𝑓

𝜕2 𝑓

𝜕2 𝑓

𝜕𝑓 2

𝜕2 𝑓

[(1 + 2𝛾𝜂) 𝜕𝜂3 + 2𝛾 𝜕𝜂2 ] + 1 + 𝑓 𝜕𝜂2 − (𝜕𝜂) + 𝐴1 𝜆𝜃 − 𝜕𝜂𝜕𝜏 = 0,

(18)
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1

𝑘ℎ𝑛𝑓
⁄𝑘
𝑓

𝑃𝑟 (𝜌𝐶𝑝 )ℎ𝑛𝑓
⁄
(𝜌𝐶𝑝 )

𝜕2 𝜃

𝜕𝜃

𝜕𝜃

𝜕𝑓

𝜕𝜃

[(1 + 2𝛾𝜂) 𝜕𝜂2 + 2𝛾 𝜕𝜂 ] + 𝑓 𝜕𝜂 − 𝜕𝜂 (𝜃 + 𝛿) − 𝜕𝜏 = 0,

(19)

𝑓

with the transformed conditions
𝜕𝑓
(0, 𝜏) = 𝜀, 𝜃(0, 𝜏) = 1 − 𝛿,
𝜕𝜂
𝜕𝑓
(𝜂, 𝜏) → 1, 𝜃(𝜂, 𝜏) → 0 as 𝜂 → ∞.
𝜕𝜂
𝑓(0, 𝜏) = 𝑆,

(20)

According to Weidman et al., [49], the following perturbation equations (see Eq. (19)) are
introduced to investigate the stability of the similarity solutions 𝑓(𝜂) = 𝑓0 (𝜂) and 𝜃(𝜂) = 𝜃0 (𝜂). An
unknown eigenvalue 𝜎 is used in the formulation whereas 𝐹(𝜂) and 𝐺(𝜂) are a small relative to 𝑓0 (𝜂)
and 𝜃0 (𝜂), correspondingly. However, the solutions’ stability are tested by choosing the smallest
eigenvalue 𝜎1 among the computed 𝜎.
𝑓(𝜂, 𝜏) = 𝑓0 (𝜂) + 𝑒 −𝜎𝜏 𝐹(𝜂),
𝜃(𝜂, 𝜏) = 𝜃0 (𝜂) + 𝑒 −𝜎𝜏 𝐺(𝜂),

(21)

Hence, by employing Eq. (19) into Eqs. (16)-(18), the following linearized eigenvalue problem is
attained such that
𝜇ℎ𝑛𝑓
𝜇𝑓
𝜌ℎ𝑛𝑓
𝜌𝑓

1

[(1 + 2𝛾𝜂)𝐹 ‴ + 2𝛾𝐹 ″ ] + 𝑓0 𝐹 ″ − (2𝑓0 ′ − 𝜎)𝐹 ′ + 𝑓0 ′′ 𝐹 + 𝐴1 𝜆𝐺 = 0,
𝑘ℎ𝑛𝑓
⁄𝑘
𝑓

𝑃𝑟 (𝜌𝐶𝑝 )ℎ𝑛𝑓
⁄
(𝜌𝐶𝑝 )

[(1 + 2𝛾𝜂)𝐺 ″ + 2𝛾𝐺 ′ ] + 𝐹𝜃0 ′ + 𝑓0 𝐺 ′ − (𝜃0 + 𝛿)𝐹 ′ − (𝑓0 ′ − 𝜎)𝐺 = 0,

(22)

(23)

𝑓

𝐹 ′ (0) = 𝐹(0) = 𝐺(0) = 0,
𝐹 ′ (𝜂) → 0, 𝐺(𝜂) → 0 as 𝜂 → ∞.

(24)

The smallest eigenvalue 𝜎1 will determine the stability of the similarity solutions such that
positive value of 𝜎1 implies that the solution is real or stable. In contrast, negative 𝜎1 indicates that
the steady solution is unstable. Hence, to find the possible range of the smallest eigenvalue 𝜎1 , Eqs.
(22)-(24) are computed using the bvp4c solver. However, a modification for Eq. (24) is needed so that
the bvp4c code can be successfully executed. Following Harris et al., [50], 𝐹 ′ (∞) in Eq. (24) is relaxed
and substituted with a new condition 𝐹 ″ (0) = 1.
4. Results and Discussion
The similarity solutions of the ordinary differential equations (see Eqs. (7) and (8)) coupled with
the boundary conditions (9) are attained by using the bvp4c solver in the Matlab software. The
combination of appropriate guess value, boundary layer thickness 𝜂∞ and the value of the control
parameters may lead to the existence of the unique or multiple solutions within the specified
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accuracy. The objectives of the present work are (a) to study the effect of parameters namely suction
𝑆, the surface curvature 𝛾, thermal buoyancy parameter 𝜆 and copper nanoparticles volume fraction
𝜙2 when the stratified fluid is considered, and (b) to identify all the potential solutions arise from the
governing model. In the present study, 𝜂∞ = 15 and alumina nanoparticles volume fraction 𝜙2 =
0.1 are fixed whereas 𝑃𝑟 = 6.2 is used to represent the water (viscous fluid) as the base fluid (see
Oztop and Abu-Nada [46]). A comparison between present data and previously published literatures
(see Table 3) are conducted for the validation of the present model. Omar et al., [43] solved the
stagnation point flow of Cu-water nanofluid over a stretching/shrinking cylinder whereas Bachok et
al., [51] studied the stagnation point flow of nanofluid over a stretching/shrinking sheet. Both
literatures adopted shooting method for the numerical computation. It is apparent from Table 3 that
the comparison values of 𝑓 ″ (0) between present method and the existing literatures are in a good
agreement, hence the authors are confident to use the model in the present work.
Table 3
The comparison values of 𝑓 ″ (0)for different stretching/shrinking parameter (𝜀) and curvature
parameter (𝛾) when 𝜙2 = 0.1, 𝜙1 = 0, 𝑃𝑟 = 6.2 and 𝛿 = 𝜆 = 𝑆 = 0
𝜀

2
1
0.5
0
-0.5
-1.15
-1.2
-1.2465

Present
𝛾=0

𝛾 = 0.4

Omar et al., [43]
(shooting method)
𝛾=0
𝛾 = 0.4

-2.217106
0
0.837940
1.447977
1.757032
1.271347
[0.137095]
1.095419
[0.274479]
0.686382
[0.651157]

-2.396084
0
0.935394
1.653867
2.096118
2.003737
[-0.131198]
1.939265
[-0.101872]
1.865189
[-0.052290]

-2.217106
0
0.837940
1.447977
1.757022
1.271347
[0.137095]
1.095419
[0.274479]
0.686380
[0.651160]

1

-2.396084
0
0.935394
1.653867
2.096118
2.003737
[-0.131198]
1.939265
[-0.101872]
1.865189
[-0.052290]

Bachok et al., [51]
(shooting method)
𝛾=0
𝛾 = 0.4
-2.217106
0
0.837940
1.447977
1.757032
1.271347
[0.137095]
1.095419
[0.274479]
0.686379
[0.651161]

-

−1

The diversity of 𝑅𝑒𝑥 2 𝐶𝑓 and 𝑅𝑒𝑥 2 𝑁𝑢𝑥 towards 𝑆 with the enhancement of the curvature
parameter 𝛾 and copper solid volume fractions 𝜙2 are manifested in Figures 2 and 3, respectively.
The application of suitable wall mass suction parameter (𝑆 > 0) can generate the dual similarity
solutions in the present work as interpreted in Figures 2 and 3. Nevertheless, if the cylinder is
impermeable (𝑆 = 0) or injection parameter (𝑆 < 0) is applied, no similarity solutions (unique or
dual) can be obtained. Figure 2 shows that less value of suction parameter 𝑆 (less magnitude) is
needed if the curvature parameter increases. However, in the present work, the authors only test
the value of 𝛾 within the range of 0 ≤ 𝛾 ≤ 0.1 and if 𝛾 > 0.1, the result may be different. For each
value of 𝑆, both skin friction coefficient and heat transfer rate of shrinking cylinder (𝛾 = 0.1) is
greater as compared to the shrinking flat surface (𝛾 = 0).
1

−1

1

Figure 3 displays the 𝑅𝑒𝑥 2 𝐶𝑓 and 𝑅𝑒𝑥 2 𝑁𝑢𝑥 when 𝜙2 is enhanced. It shows that both 𝑅𝑒𝑥 2 𝐶𝑓 and
−1

𝑅𝑒𝑥 2 𝑁𝑢𝑥 intensify with the increment of 𝜙2 . However, the result of heat transfer rate may differ if
𝑆 > 1 is considered. It is clear in Figure 3(b) that as 𝑆 → 1, the heat transfer rate only slightly
1

−1

increases when 𝜙2 is increased. Figure 4 portrays the variations of 𝑅𝑒𝑥 2 𝐶𝑓 and 𝑅𝑒𝑥 2 𝑁𝑢𝑥 towards
the mixed convection parameter 𝜆 for different values of 𝛾. The dual solutions are possible in the
opposing flow region (𝜆 < 0) and assisting flow region (𝜆 > 0) while only unique solution is attained
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for the forced convective flow (𝜆 = 0). However, it can be seen that in the assisting flow region, the
second solution only can be achieved for a limited value of positive 𝜆. Further investigation is required
to study the parameters which can maintain the existence of the second solution in the assisting flow
−1

region. Additionally, the second solution for 𝑅𝑒𝑥 2 𝑁𝑢𝑥 becomes unbounded as 𝜆 → 0 from left
(𝜆 → 0− ) and right (𝜆 → 0+ ). Figure 4 also reveals that the cylindrical surface (𝛾 > 0) also can
increase the existence range of the similarity solutions to Eqs. (7)-(9) and consequently, delays the
boundary layer separation.

(a)

(b)

1
2

−1
2

Fig. 2. (a) 𝑅𝑒𝑥 𝐶𝑓 (b) 𝑅𝑒𝑥 𝑁𝑢𝑥 towards 𝑆 for shrinking flat surface (𝛾 = 0) and shrinking cylinder
(𝛾 = 0.1)when 𝜀 = 𝜆 = −1 and 𝜙2 = 𝛿 = 0.005

(a)
1
2

(b)
−1
2

Fig. 3. (a) 𝑅𝑒𝑥 𝐶𝑓 (b) 𝑅𝑒𝑥 𝑁𝑢𝑥 towards 𝑆 for different 𝜙2 when 𝛾 = 0.1, 𝜀 = 𝜆 = −1 and 𝛿 = 0.005
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(a)
1
2

(b)
−1
2

Fig. 4. (a) 𝑅𝑒𝑥 𝐶𝑓 (b) 𝑅𝑒𝑥 𝑁𝑢𝑥 towards 𝜆 for various 𝛾 when 𝑆 = 0.5, 𝜀 = −1 and 𝜙2 = 𝛿 = 0.005

Figure 5 presents the comparison of heat transfer rate between traditional and hybrid nanofluids
with disparate volumetric concentration. The heat transfer rate of alumina-water nanofluids are the
lowest as compared to Cu-water and hybrid Cu-Al2O3/water nanofluids. However, the combination
of alumina and copper nanoparticles with the suitable nanoparticles volumetric concentrations can
create a hybrid nanofluid with greater heat transfer rate. The velocity and temperature profiles for
shrinking cylinder case (𝜀 < 0), stretching cylinder case (𝜀 > 0) and static cylinder case (𝜀 = 0) are
exhibited in Figure 6. The fluid velocity decreases when the velocity ratio parameter decrease
whereas a contradictory result is obtained for the temperature profile. Otherwise, the second
solution shows a different result as compared to the first solution. Figures 7 and 8 display the velocity
and temperature profiles for various values of copper solid volume fraction and curvature
parameters. A slight increment of velocity profile is noticed in Figure 7 whereas the temperature
profile shows an adverse result. The nanoparticles physically is added to dispense energy in the heat
form (see Devi and Devi [17]). Under assisting buoyancy environment, an upsurge of nanoparticles
volumetric concentration increase both velocity and temperature profiles as reported by Khashi’ie et
al., [52]. However, the present work reveals different result where the temperature profile reduces
with an increase of 𝜙2 as a result of opposing buoyancy (𝜆 = −1) and shrinking cylinder
(𝜀 = −1, 𝛾 = 0.1). Figure 8 shows that the velocity and temperature profiles are different when 𝜂 <
1 and 𝜂 > 1 (boundary layer thickens) with an increase in the curvature parameter. Far from the
surface, the fluid velocity starts decreasing whereas the temperature inflates with an addition of the
curvature parameter.
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−1

Fig. 5. 𝑅𝑒𝑥 2 𝑁𝑢𝑥 towards 𝜆 for single and hybrid
nanofluids with different concentration when 𝑆 =
0.5, 𝜀 = −1 and 𝛿 = 0.005

(a)

(b)

Fig. 6. (a) Velocity (b) Temperature profiles for various values of velocity ratio parameter

(a)

(b)

Fig. 7. (a) Velocity (b) Temperature profiles for various values of copper nanoparticles volume
fraction when 𝛿 = 0.005
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(a)

(b)

Fig. 8. (a) Velocity (b) Temperature profiles for various values of curvature parameter

The stability of similarity solutions are determined by finding the smallest eigenvalue 𝜎1 . Thus,
Eq. (22)-(24) with the new boundary condition are solved using the efficient bvp4c solver (code c and
d). It is apparent from Figure 9 that the first solution has positive 𝜎1 while reverse results for the
second solution. Figure 9 also depicts that 𝜎1 for both similarity solutions approach to 0 as 𝜆 → 𝜆𝑐
which justifies the fact that at 𝜆 = 𝜆𝑐 , the value of 𝜎1 is zero. Hence, it is provable that the first
solution is more realistic and virtual than the second solution.

Fig. 9. The smallest eigenvalue 𝜎1 towards 𝜆 for
both first and second solutions

5. Conclusions
The present work deals with the numerical solution of stagnation point flow and heat transfer of
a hybrid nanofluid over a vertical permeable stretching/shrinking cylinder. Thermal stratification
process is considered as a result of a variable (linear stratified) ambient temperature while the wall
temperature is also in a variable form to illustrate the mixed convection phenomenon. The present
model in partial differential equations are converted to a nonlinear system of ordinary (similarity)
differential equations using the similarity variable and further, computed using the boundary value
problem solver (bvp4c) in the Matlab software. The conclusions are
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The similarity solutions (first and second) are attained for the shrinking cylinder case when
low magnitude of suction parameter is imposed. No possible solution(s) if the cylinder is
impermeable or injection parameter is applied.
The higher values of curvature 𝛾 and copper nanoparticles volume fractions 𝜙2 parameters
may inflate the reduced skin friction coefficient and local Nusselt number within the specific
value of suction parameter.
The first similarity solution exists for all values of the buoyancy parameter up to the critical
value whereas the second similarity solution is impossible for the forced convective flow and
higher magnitude of assisting flow.
The execution of stability analysis proves the reliability of the first solution.
The present work may contribute idea to the other researchers from various background
(mathematics, mechanical, physics) on how to control (increase/decrease) the heat transfer
rate by manipulating the parameters or the possibilities of gaining non-unique solutions in
the computation.
The present results only applicable to the combination of copper and alumina nanoparticles
only. However, other researchers may extend the study using other hybrid nanofluids or
physical parameters to achieve the desired outcome.
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