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ABSTRACT

Article history:

Thermal radiation enhances heat transfer, and it is used widely in manufacturing and
materials processing applications. Thus, steady two-dimensional boundary layer flow
over an exponentially porous shrinking sheet of nanofluids was considered in the
influence of thermal radiation related to partial slip boundary conditions and suction.
This paper aims to study the nanofluid penetrable flow over an exponentially shrinking
sheet with thermal radiation and partial slip. The effects of silver (Ag) nanoparticles
with two different types of base fluids named water and kerosene oil are investigated
in this study. First, the governing equations and boundary conditions are transformed
to a non-linear ordinary differential equation and then solved using bvp4c solver. Using
Matlab software, it is found that the dual solution exists in some values from the
suction parameter. Furthermore, we identified both nanoparticle volume fraction and
suction parameter increase, leading to the rise in velocity profile. Moreover, the
suction parameter increases both skin friction coefficient and Nusselt number
increase.
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1. Introduction
The significant engineering applications regarding the heat transfer in fluid flow can be observed,
such as thermal management of electronic systems, solar collectors, and designing building [1].
Sakiadis [2] was the first to study the fluid flow case over a linearly stretching sheet. Subsequently,
the viscoelastic fluid flow over a linear [3] and non-linear [4] stretching sheet are reported. The
nanofluid flow beyond a linearly stretching sheet is investigated by Khan et al., [5]. Finally, Mahapatra
et al., [6] have studied two-dimensional stagnation-point flow over a stretching sheet. The flat
deformable sheet is used in the model by Mahapatra et al., [6], with the constant free stream
velocity.
The study done by Kafoussias and Williams [7] proved that a working fluid's viscosity is dependent
on the variation of parameter. The interactions between these two factors cause an occurrence of
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error for the heat transfer process. The study done by Hussain et al., [8] showed that in the presence
of Casson fluid, viscosity existed with the flow passing through the contracting surface and influenced
by a magnetic field. Then, Abbas et al., [9] have examined the influence of viscosity and thermal
conductivity of Carreau fluid with the magnetohydrodynamic boundary layer flow, while Zulkifli et
al., [10] has found viscous dissipation in a nanofluid flow, due to a moving plate.
Many researchers have considered magnetohydrodynamic (MHD) and have added various
parameters for the innovations. Hayat et al., [11] studied thermal radiation in MHD flow at a
stretching vertical plate in a two-dimensional model. Based on the mention reviews, they used the
homotopy analysis method to obtain solutions of the coupled non-linear system. Ali et al., [12] have
considered the steady MHD stagnation point flow with the induced magnetic field. They found that
the magnetic parameter influences the variation of velocity and temperature profiles. Reddy [13]
reported the case of convection in MHD Casson fluid flow. He has proposed a model which
considered both assisting and opposing buoyant flows. The newest research works [14-16] have
examined MHD related to viscous dissipation, Sutterby nanofluid and Carreau liquid, respectively.
The study from [14] analyzed the MHD flow beyond a non-linear stretching surface with viscous
dissipation. The dual solution occurred in their result. Next, Sohail and Naz [15] has done their study
with the new nanofluid element (known as Sutterby) with the presence of MHD on the stretching
field, while Mahanthesh [16] include Carreau liquid with MHD over a shrinking sheet.
Nanofluids are a new heat transfer fluid that contains a base fluid and nanoparticles such as
copper, alumina, titania and silica from 1 to 100 nm. It has higher thermal conductivity and singlephase heat transfer coefficients than the base fluids based on Buongiorno [17]. Xuan and Li [18] have
studied the thermal conductivity of nanofluids. They have proposed a theoretical model to describe
the heat transfer performance of the nanofluids in a tube with the presence of solid particles. Besides
that, the problem related to laminar fluid for stretching a flat surface in nanofluids is first studied by
Khan and Pop [19]. This paper concluded that the Nusselt number reduced when each dimensionless
number decreases, while reduced the Sherwood number increased the values of the parameters
related to the research. Ahmad and Pop [20] had done their study on the mixed convection nanofluid
flow past a vertical plate embedded in a porous medium. Nowadays, researchers more interested in
hybrid nanofluids. The hybrid nanofluid remarks a new feature in manufacturing industrial
applications. Zainal et al., [21] studied hybrid nanofluid over a quadratic velocity of a stretching sheet.
Meanwhile, Junoh et al., [22] included a magnetic field in their research. Subsequently, Waini et al.,
[23] studied the shrinking wedge with hybrid nanofluid.
There are many advantages of using thermal radiation, one of them is thermal radiation can cause
the heat transfer rate to increase rapidly and boundary layer flow decreases [24]. Sheikholeslami et
al., [25] studied the problem of MHD related thermal radiation between two horizontal rotational
plates. Meanwhile, Sharma et al., [26] also studied thermal radiation, but they relate it with heat
transfer over a permeable exponentially shrinking sheet. Sheikholeslami et al., [25] used Runge-Kutta
method of order four to solve the mathematical problems. Besides, Sharma et al., [26] solved the
ordinary differential equations using a finite difference method MATLAB software. Other than that,
Adnan et al., [27] studied the effect of suction, partial slip, and thermal radiation on steady MHD flow
and heat transfer. Uddin et al., [24] have also considered copper-water nanofluid, together with the
effect of thermal radiation and exponentially permeable shrinking sheet. The dual solution
introduced in the results for some values of parameters.
Slip boundary conditions play an essential role in the velocity of the fluid surfaces and coasted
surfaces. It is considered in some situations like perforated plates and wire nettings, as stated by Bilal
[28]. MHD Newtonian fluid flow beyond a shrinking sheet subjected to the thermal slip was studied
by Ahmad et al., [29]. The thickness of the boundary layer has been discussed for the different types
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of parameters. Moreover, considering the velocity and thermal slip, Ghosh and Mukhopadhyay [30]
have investigated the exponentially porous shrinking sheet of the nanofluid flow. A dual solution was
also introduced in the study for a few governing parameters. This paper concluded that the
enhancement of the nanoparticle volume fraction causes the velocity and temperature of the fluid
to be increased. In addition, Yang et al., [31] have proposed the second-order slip model with the
flow of heat transfer from a double Maxwell fluid. The results showed that the fractional Maxwell
fluid gave stronger viscosity, leading to increased slip parameters. Mohamadi et al., [32] have
investigated slip condition at the wall with heat transfer of the internal flow nanorefrigerant. Another
new study found that the pressure drop reduces using the slip boundary condition at the wall about
25%.
Therefore, this present paper extends the study from Ghosh and Mukhopadhyay [30] by adding
the effect of the thermal radiation. This paper aims to investigate the impact of nanoparticle volume
fraction parameter and temperature-dependent viscosity with the Nusselt number, the skin friction
coefficient, velocity profile and temperature profile. The details on stability analysis have been
discussed by Ghosh and Mukhopadhyay [30] in their studies.
2. Methodology
2.1 Mathematical Formulation
The study considered a steady two-dimensional boundary layer flow over an exponentially
porous shrinking sheet of nanofluids with the presence of thermal radiation containing partial slip
boundary conditions and suction. The water and kerosene are assumed to be base fluid. The
following forms are used for the governing boundary layer equations of motion and the energy
equation when Ag as nanoparticle with the Tiwari and Das [33] and Ghosh and Mukhopadhyay [30].
The mathematical model in this paper is shown as below
𝜕𝑢
𝜕𝑥

𝜕𝜐

+ 𝜕𝑦 = 0,

𝜕𝑢

𝜕𝑢

𝜕𝑇

𝜕𝑇

(1)
𝜕2 𝑢

𝑢 𝜕𝑥 + 𝜐 𝜕𝑦 = 𝑣𝑛𝑓 𝜕𝑦 2 ,
𝑢

𝜅

+ 𝜐 𝜕𝑦 = (𝜌𝐶𝑛𝑓)
𝜕𝑥

𝑝 𝑛𝑓

𝜕2 𝑇
𝜕𝑦 2

(2)
1

− (𝜌𝐶

𝑝)

𝜕𝑞𝑟
𝑛𝑓

𝜕𝑦

(3)
𝜇

where the velocity component in 𝑥 and 𝑦 directions are denoted by 𝑢 and 𝜐, respectively, 𝑣𝑛𝑓 = 𝜌𝑛𝑓
𝑛𝑓

is the kinematic viscosity of the nanofluid, 𝜇𝑛𝑓 is the viscosity of the nanofluid, 𝜌𝑛𝑓 is the density of
the nanofluid, 𝑇 is the temperature, 𝜅𝑛𝑓 is the thermal conductivity of the nanofluid, the specific heat
capacity of the nanofluid is represented with (𝜌𝐶𝑝 )𝑛𝑓 . For the radiation flux, 𝑞𝑟 is given by Pal and
Mondal [34]
4𝜎∗ 𝜕𝑇 4

𝑞𝑟 = − 3𝐾∗

𝜕𝑦

,

(4)

where 𝜎 ∗ and 𝐾 ∗ are the Stefan-Boltzmann constant and Rosseland absorption coefficient
approximation, respectively. Next, the term 𝑇 4 can be articulated as a linear function of temperature
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and can be expanded by using Taylor series. Thus, the higher order terms can be ignored and it yields
to
𝑇 4 = 4𝑇∞3 𝑇 − 3𝑇∞4 ,

(5)

The fluid velocity is low with the flow being laminar and the viscous dissipative heat is expected
to be negligible. Das [35] gives the effective fluid properties as follows
𝜇

𝑓
𝜌𝑛𝑓 = (1 − 𝜙)𝜌𝑓 + 𝜙𝜌𝑠 , 𝜇𝑛𝑓 = (1−𝜙)
,
2.5

(𝜌𝐶𝑝 )𝑛𝑓 = (1 − 𝜙)(𝜌𝐶𝑝 )𝑓 + 𝜙(𝜌𝐶𝑝 )𝑠 ,
𝜅𝑛𝑓
𝜅𝑓

=

(2𝜅𝑓 +𝜅𝑠 )−2𝜙(𝜅𝑓 −𝜅𝑠 )
(2𝜅𝑓 +𝜅𝑠 )+𝜙(𝜅𝑓 −𝜅𝑠 )

,

(6)

where 𝜙 is denotes the solid volume fraction, 𝜌 is the density, 𝜇 is the dynamic viscosity and 𝜅 is the
effective thermal conductivities. The subscripts 𝑛𝑓, 𝑠 and 𝑓 are nanofluid, nanoparticles and base
fluid, respectively.
The boundary conditions are
𝑥

𝜕𝑢

𝑢 = −𝑈𝑤 + 𝐵 ′ 𝑣𝑓 𝜕𝑦 , 𝜐 = −𝜐𝑤 = −𝜐0 𝑒 2𝐿 at 𝑦 = 0 and 𝑢 → ∞ as 𝑦 → ∞,

(7)

𝜕𝑇

𝑇 = 𝑇𝑤 + 𝐷′ 𝜕𝑦 at 𝑦 = 0 and 𝑇 → 𝑇∞ as 𝑦 → ∞.

(8)

𝑥

where 𝑈𝑤 = −𝑐 𝑒 (𝐿) is the shrinking velocity when 𝑐 > 0 (corresponds to the shrinking constant),
𝑥

and 𝜐𝑤 = 𝜐0 𝑒 (2𝐿) where 𝜐0 is the constant mass flux velocity with 𝜐0 < 0 correspond to the suction
while 𝜐0 > 0 corresponds to the injection. 𝑇𝑤 reflects the variable temperature at the sheet with 𝑇0
being a constant measuring the rate of increase in temperature along the sheet. We also have 𝐵 ′ =
𝑥

𝑥

𝐵1 𝑒 −2𝐿 and 𝐷′ = 𝐷1 𝑒 −2𝐿 where 𝐵 ′ and 𝐷′ are the velocity slip and thermal slip factors respectively.
Thermophysical properties of the fluid phase (water), kerosene and Ag are given in Table 1 by Hussein
et al., [36].
Table 1
Thermophysical properties of the fluid phase (water), kerosene and Ag
Water
Kerosene
Ag

ρ (kg/m3)
997.1
783
10,500

Cρ (J/kg K)
4179
2090
235

κ (W/m K)
0.613
0.15
429

Pr
6.2
21

2.2 Similarity Transformations
Introduce the stream function, 𝜓 where 𝑢 = 𝜕𝜓/𝜕𝑦 and 𝜐 = −𝜕𝜓/𝜕𝑥. Next, the following
similarity transformations are considered
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𝑥

𝑇−𝑇𝑤

𝜓 = √2𝑣𝑓 𝐿𝑐𝑓(𝜂) 𝑒 2𝐿 , 𝜃 (𝜂) = 𝑇

𝑤 −𝑇∞

𝑥

𝐶

, 𝜂 = 𝑦√2𝑣 𝐿 𝑒 2𝐿

(9)

𝑓

where 𝜂 and 𝐿, respectively, represent the similarity variable and length of characteristic.
Substituting Eq. (4), (7), (8) and (9) into Eq. (2) and (3) lead to the following equations
1

2

𝜌
(1−𝜙)2.5 (1−𝜙+𝜙 𝑠 )
𝜌𝑓

𝑓 ′′′ + 𝑓 ′′ 𝑓 − 2𝑓 ′ = 0,

𝜅

1

4

[ 𝜅𝑛𝑓 + 3 𝑅𝑑] 𝜃 ′′ + 𝑃𝑟(𝑓𝜃 ′ − 𝑓 ′ 𝜃) = 0,

(𝜌𝐶𝑝 )
𝑠
(1−𝜙)+𝜙
(𝜌𝐶𝑝 )
𝑓

where 𝑅𝑑 =

(10)

(11)

𝑓

3
4𝜌𝑇∞

𝜅×𝜅𝑓

is the radiation parameter and 𝑃𝑟 = (𝜇𝐶𝜌 ) /𝜅𝑓 is the Prandtl number. Note that
𝑓

the primes in Eq. (10) and (11) denote the differentiation with each of the function respect to 𝜂.
The boundary conditions are transformed and obtained
𝑓(𝜂) = 𝑆, 𝑓 ′ (𝜂) = −1 + 𝐵𝑓 ′′ (𝜂) at 𝜂 = 0, 𝑓 ′ (𝜂) → 0 as 𝜂 → ∞,

(12)

𝜃(𝜂) = 1 + 𝐷𝜃 ′ (𝜂), at 𝜂 = 0, 𝜃(𝜂) → 0 as 𝜂 → ∞,

(13)

𝜐0

where 𝑆 = −

corresponds to the suction or blowing parameter. In our research, when

√(𝑣𝑓 𝐶)/2𝐿

𝑆 > 0 and also 𝜐0 < 0 are aligns to suction while 𝑆 < 0 and also 𝜐0 > 0 are aligns to blowing
𝐶𝑣

𝐶

𝐵 = 𝐵1 √ 2𝐿𝑓 and 𝐷 = 𝐷1 √2𝑣

𝑓𝐿

are the velocity slip and thermal slip parameters, respectively.

In practical applications, the physical quantities of principal interest are the skin friction coefficients,
𝐶𝑓 and the Nusselt number, 𝑁𝑢𝑥 which are defined as
𝐶𝑓 =

𝜇𝑛𝑓
𝑥
2 𝑒 2𝐿
𝜌𝑓 𝑈𝑤

ⅆ𝑢

|

ⅆ𝑦 𝑦=0

𝑁𝑢𝑥 = − 𝜅

𝑥𝜅𝑛𝑓

ⅆ𝑇

𝑓 (𝑇𝑤 −𝑇∞ ) ⅆ𝑦

|

.

𝑦=0

(14)

By substituting Eq. (9) and (7) into Eq. (14), the skin friction and Nusselt number can be arranged as
1
2

𝐶𝑓 𝑅𝑒𝑥 =

1

−
1
𝑓 ′′ (0), 𝑁𝑢𝑥 𝑅𝑒𝑥 2
(1−𝜙)2.5

=−

𝜅𝑛𝑓
𝜅𝑓

4

−1

𝜅

[1 + 3 𝑅𝑑 ( 𝜅𝑛𝑓 )
𝑓

𝜃 ′ (0)].

(15)

3. Results and Discussion
In this study, the parameter that is fixed are Prandtl number (𝑃𝑟 = 6.2 for Ag-Water and 𝑃𝑟 =
21 for Ag-kerosene), thermal radiation 𝑅𝑑 = 1.0, and temperature 𝑇 = 0.1. The obtained results are
presented graphically to show the various parameters given in Figure 1, Figure 2, and Figure 3 for
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velocity and temperature profile, while Figure 4, Figure 5 and Figure 6 present the results of skin
friction and Nusselt number, respectively. There are dual solutions: first branch (solid line) and
second branch solution (dashed line).

(a)

(b)

Fig. 1. Various values of nanoparticle volume 𝜙 on (a) velocity profile 𝑓′(𝜂) and (b)
temperature profile 𝜃(𝜂)

Figure 1(a) presents the dual velocity profiles for variation of nanoparticle volume fraction, 𝜙.
The first branch solution in Figure 1(a) shows that the fluid velocity increases due to the rise in 𝜙 .
This increment is valid for both Ag-Water and Ag-Kerosene. Then, Figure 1(a) also shows a different
second branch solution than the first branch solution, but the velocity profile still has the same
behaviour. Thus, the increase in the nanoparticle volume fraction will cause the fluid flow to travel
rapidly. Next, Figure 1(b) displays the dual temperature profiles for the difference in 𝜙. According to
the observation, the temperature of Ag-Water is higher than Ag-Kerosene in Figure 1(b). Therefore,
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we may infer that a rise in nanofluid thermal conductivity is dependent on the increment in
nanoparticle volume fraction.

(a)

(b)

Fig. 2. Various values of the suction parameter 𝑆 on (a) velocity profile 𝑓′(𝜂) and (b)
temperature profile 𝜃(𝜂)

Figures 2(a) and 2(b) displays the various values of effect on the suction parameter, 𝑆 on the
velocity and temperature profile. As a result, the increase of 𝑆 causes the values of velocity profile to
increase. This condition happens because the rate of suction increases while the thickness of the
velocity boundary layer reduces, as confirmed by Ghosh and Mukhopadhyay [30]. Figure 2(b) shows
a decrease in fluid temperature has been identified due to an increase of 𝑆. Thus, the thickness of
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the boundary layer would become thinner. Compared to nanofluid Ag-water, it can be seen from the
graph that Ag-Kerosene has a lower boundary layer thickness.

(a)

(b)

Fig. 3. Various values of slip parameter 𝐵 on (a) velocity profile 𝑓′(𝜂) and (b) temperature
profile 𝜃(𝜂)

Further, the graph of velocity and temperature profile with different values of slip parameter 𝐵
are shown in Figure 3(a) and (b). It is observed that velocity increases as 𝐵 increases on the first
branch solution while initially decreasing and increasing during the second branch solution as
depicted in Figure 3(a). On the other hand, from Figure 3(b), the temperature profile decreases when
𝐵 increase. This condition is due to the decrease in the thermal boundary layer thickness when
reacting to 𝐵.
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Fig. 4. Various values of the suction parameter 𝑆 on 𝑓′′(0) with different values
of nanoparticle volume fraction, 𝜙

Furthermore, Figure 4, 5 and 6 show the skin friction coefficient and Nusselt number with various
values of 𝜙. The skin friction coefficient with the different values of 𝑆 on multiple values of 𝜙 is
revealed in Figure 4. The intersection point between both branches is denoted by critical suction
point 𝑆𝑐. The local skin friction coefficient increases for the first branch solution due to the rise in 𝜙
and 𝑆. In the second branch, the opposite effect is observed. For the base fluid, 𝜙 = 0, the value of
critical suction number is 𝑆𝑐 = 2.17172. On the other hand, dual solutions of Ag-Water can be seen
at 𝑆𝑐 = 1.75689 (𝜙 = 0.1) and 𝑆𝑐 = 1.66413 (𝜙 = 0.2)., Moreover, the critical suction points for
Ag-kerosene are 𝑆𝑐 = 1.63423 and 𝑆𝑐 = 1.51288 for both 𝜙 = 0.1, 0.2, respectively.
Figure 5 represents the Nusselt number which has various values of 𝜙, only for Ag-Water. This
figure shows the Nusselt number increases due to 𝑆, and decreases due to 𝜙. For the largest 𝜙, the
critical suction point is recorded as the highest point. Thus, compared to the stretching surface, the
value of the Nusselt number appears lower with the shrinking surface. As a result, the stretching flat
plate occurred due to the low exposed area of the shrinking flat plate as approved by Naganthran et
al., [37].
Figure 6 illustrates the effect of the suction parameter on the Nusselt number with different
values of 𝜙 for Ag-kerosene only. Further, the values of the Nusselt number are found to increase
with the suction parameter increases. In addition, with the rise in 𝜙 leads to the decrement in the
Nusselt number for both solutions. Precisely, it is due to the lack of magnitude of the suction
parameter, as indicated by Jamaludin [38]. Thus, the three figures (Figure 4, 5 and 6) prove the
concept by Jamaludin [38] if 𝑆𝑐 < 𝑆.
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(a)

(b)

(c)

Fig. 5. Various values of the suction parameter 𝑆 on −𝜃′(0) for Ag-Water when (a) 𝑆𝑐 = 2.17172 (b) 𝑆𝑐 =
1.75689 and (c) 𝑆𝑐 = 1.66413
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(a)

(b)

(c)

Fig. 6. Various values of the suction parameter 𝑆 on −𝜃′(0) for Ag-Kerosene when (a) 𝑆𝑐 = 2.1712 (b)
𝑆𝑐 = 1.63423 and (c) 𝑆𝑐 = 1.51288

4. Conclusions
Similarity transformations have been introduced to reduce partial differential equations to
ordinary differential equations. Ordinary differential equations and boundary conditions were solved
by using bvp4c solver. As a result, there are two different solutions (first branch solution and second
branch solution) for various parameters and the velocity profile increases when both nanoparticle
volume fraction, 𝜙 and suction parameter, 𝑆 increase. While the increasing in suction parameter, 𝑆
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leads to the decreasing in the temperature profile. Besides that, skin friction coefficient and Nusselt
number increase when the suction parameter, 𝑆 increases.
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