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Fractional derivative has perfectly adopted to model few physical phenomena such as
viscoelasticity of coiling polymers, traffic construction, fluid dynamics and electrical
networks. However, the application of the fractional derivatives for describing the
physical characteristics of non-Newtonian fluid over a moving plate is still rare. In the
present study, the effect of the Caputo fractional derivative on the Casson fluid flow
which is induced by an accelerated plate is analytically analysed. The governing
equations are initially transformed into dimensionless expressions by using suitable
dimensionless variables. Then the Laplace transform method is utilized to calculate the
exact solutions for the fractional governing partial differential equations. The obtained
solutions are validated by comparing the results for specific case with the existing
solutions in the literature. The impact of fractional parameter, Prandtl number, and
time on the velocity and temperature profiles are graphically showed and discussed.
The results depict that the temperature and velocity increase with the increment of
fractional parameter and time. Interestingly, the velocity decreases at region near the
plate but is enhanced at the area far away from the plate when the Casson fluid
parameter is increased. This study is essential in understanding the factional non-
Newtonian fluid flows which is more realistic in nature.

1. Introduction

Fractional derivatives have recently gained the attention of plenty of researchers due to their
generality in covering derivatives and integrals of non-integer order. Various physical phenomena or
natural situations such as viscoelasticity of coiling polymers, bioengineering, signal and image
processing, rheology, fluid dynamics, traffic modeling, electric circuits, electrical networks, and
stochastic processes have adapted the fractional calculus to study the influence of the memory effect
and some essential parameters to the system. Imran et al., [1] studied the convection flow of
Newtonian fluid by using two different fractional derivatives which are called Caputo and Caputo-
Fabrizio. The solutions of the temperature, velocity, and concentration profiles were determined by
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using the Laplace transform method. The obtained results were illustrated graphically to compare
and analyze the distinction between the two fractional derivatives.

Further, Imran et al., [2] demonstrated the application of Caputo time-fractional derivatives on
Newtonian fluid flow with arbitrary velocity and Newtonian heating. The governed equations were
firstly transformed into dimensionless form by using the given dimensionless variables. Then, the
dimensionless equations were solved by using the Laplace transform technique. The authors found
that the fractional parameter shows a significant influence on the velocity and temperature profiles.
Imran et al., [3] extended the work done by Sheikh et al., [4] to investigate the convection flow of a
Newtonian fluid in the existence of heat sink and chemical reaction. Similarly, the Laplace transform
method was utilized to solve the governing dimensionless equations, and the results of the velocity,
temperature, and concentration were depicted graphically. In the study, the authors have compared
the results obtained by using Antagana-Baleanu and Caputo-Fabrizio approaches with the solutions
determined by the classical model of the problem.

Besides that, Khan et al., [5] acknowledged the Caputo time-fractional derivative of a generalized
Casson fluid with oscillating boundary conditions. The authors have calculated the closed-form
expressions for the velocity and shear stress by using the Laplace transform technique. The influence
of the fractional parameter, Casson parameter, and the oscillating frequency on the fluid velocity and
shear stress were analyzed and discussed. Ali et al., [6] used the Caputo fractional derivative to study
the blood flow, which is represented by a Casson fluid model, in a horizontal cylinder. The fluid flow
was driven by the oscillating pressure gradient and the fluid was included with magnetic particles.
The effects of the magnetohydrodynamics on the Casson fluid were analyzed and discussed by
solving the fractional governing equations with the Laplace and finite Hankel transforms to obtain
the exact solutions. The authors observed that the fluid model with fractional order behaves
remarkably differently as compared to the ordinary model. Some recent interesting analytical study
on the fluid problems can be found in previous studies [7-9].

Sheikh et al., [4] conducted a comparative study of the two approaches of fractional derivative
which are Caputo-Fabrizio and Antagana-Baleanu fractional derivatives for the convection flow of
Casson fluid over an infinite vertical flat plate coupled with heat and mass transport. Exact solutions
for both cases were determined by using the Laplace transform methods and the solutions were
compared graphically as well as in tabular form. The authors found that the velocities obtained via
Antagana-Baleanu and Caputo-Fabrizio derivatives are identical for unit time. However, variation
happens when time less than 1, and the differences are enhanced as time greater than 1. Further,
Sheikh et al., [10] extended the work by considering the effect of heat generation and first-order
chemical reaction.

Casson fluid is a shear-thinning liquid and exhibits infinite viscosity at zero shear stress. The fluid
behaves like a solid when there is yield stress applied to the fluid which is greater than the shear
stress. However, the fluid starts to flow when the shear stress is greater than the applied yield stress.
Examples of the Casson fluid include honey, soup, chocolate tomato sauce, jelly, slurries, molten
polymers, toothpaste, paint, and blood. This kind of fluid model is found to have significant
applications in food manufacturing, biomechanics, textiles, cosmetics, polymer processing industries,
and pharmaceuticals. Saqib et al., [11] explored on heat and mass transfer process in the Casson fluid
flow past an oscillating plate with chemical reaction and slip effect. The governing equations were
converted into dimensionless form and then solved by using the Laplace transform method. The
velocity, temperature, and concentration profiles were obtained and illustrated graphically.

Mahantesh et al., [12] investigated the convective flow of Casson fluid past an oscillating plate by
taking non-coaxial rotation with quadratic density fluctuation as its boundary conditions. Firstly, the
governing equations were transformed into a dimensionless form by utilizing some dimensionless
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variables. Then, the dimensionless momentum, heat, and mass equations were solved analytically by
applying the Laplace transform technique. Nadeem et al., [13] investigated the boundary layer MHD
flow of Casson fluid over an exponentially permeable shrinking sheet. The analytical solution of the
problem was obtained by employing the Adomian decomposition method. The velocity distributions
due to different interesting parameters were illustrated and analyzed. Nadeem et al., [14] studied
the effect of magnetic field on the boundary layer three-dimensional Casson fluid flow over a
stretching porous sheet. The authors found that the magnetic field, Casson fluid parameter, and
porosity parameter reduce the velocity profiles in x- and y- directions.

Khan et al., [15] analyzed the effects of heat generation and chemical reaction on the MHD
convection Casson fluid flow through a moving vertical plate in a porous medium. Besides, the
influence of the Newtonian heating on the plate surface and thermal radiation were also considered
in the study. Laplace transform method was utilized to determine the general. The effects of various
parameters such as Casson fluid parameter, the permeability of the porous medium, chemical
reaction parameter, heat generation parameter, buoyancy force parameter, magnetic parameter,
and radiation parameter on the fluid flow were analyzed and graphically illustrated. Mohamad et al.,
[16] carried out a study on the flow of Casson fluid in a rotating channel disk. Similarly, the Laplace
transform method was practiced by the authors. The effect of the rotating disk on the Casson fluid
flow was analyzed and found that the primary velocity of the fluid decrease as the rotation parameter
is increased while the secondary velocity is increased.

Alwawi et al., [17] acknowledged the MHD free convection flow of Sodium Alginate nanofluid on
a solid sphere with prescribed wall temperature in the presence of a magnetic field. Sodium alginate
is a fluid extracted from brown algae and it is a natural Casson fluid. The Keller-box method was
utilized to compute the numerical solutions of the problem. The influence of nanoparticles volume
fraction, Casson fluid parameter, magnetic parameter on velocity, temperature, local skin friction
coefficient, and local Nusselt number was analyzed. Kumar et al., [18] studied the effect of the time-
dependent magnetohydrodynamic on the Casson fluid across an exponentially stretching curved
sheet in the existence of an irregular heat sink/source. The governing equations were solved
numerically and the influence of various dimensionless parameters on the fields of velocity and
temperature were analyzed and discussed. The results reveal that the Casson parameter has
enhanced the distribution of momentum, but an inverse development is observed for the curvature
parameter.

Based on the literature reviews, many researchers have considered vertical and oscillating plates.
To the best of the authors’ knowledge, the free convection flow of fractional Casson fluid past an
accelerated plate has not been considered yet so far. Therefore, the present study aims to determine
the exact solutions of free convection flow of fractional Casson fluid through an accelerated plate by
using the Laplace transform method. The effect of the various parameters such as Casson fluid
parameter, fractional parameter, time, and Prandtl number on the fluid flow is analyzed and
discussed.

2. Problem Definition

An unsteady free convection flow of an incompressible Casson fluid over an infinite accelerated
vertical plate is considered. The flow being confined to y > 0, where y is the coordinate measured in
the normal direction to the plate. Initially, for a time t = 0, both the fluid and the plate are at rest with
uniform temperature T, . At the time t > 0, the plate begins to accelerate in its plane according to a
velocity At, where the constant A is the acceleration of the plate. At the same time, the plate
temperature is raised to T,,, which is thereafter maintained constant. The velocity and temperature
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depend on space variable y and time t. By taking unidirectional flow and the Boussinesq’s
approximation, the momentum and energy equations take the forms:

av*(y,t)_ 1 oV (y.t) ~

. _U(“ﬁj—a ——~+gB,(T-T,) (1)
oT(y,t) ~ o°T(y,t)

PC, ot =K oy’ )

associated with initial and boundary conditions:

vi(y,0)=0, T(y,0)=T, y>0,
vi(0,t)=At, T(0,t)=T, t>0, (3)
vi(o,t)=0, T(ot)=T, t>0.

where v = velocity component in y-direction, B = Casson fluid parameter, g = gravitational
acceleration, £, = volumetric thermal coefficient of expansion, p = fluid density, C, = specific heat

capacity and K =thermal conductivity parameter.
2.1 Problem Solution

The dimensional governing Eq. (1) and Eq. (2) are transformed into dimensionless equations.
Next, by implementing the Laplace transform technique, the solutions are obtained. The governing
equations are transformed into dimensionless equations by using suitable dimensionless variables:

1 2
*

v yA? tA3 T-T
V= 1 ) 5: >’ T:—l’ 0:7- T
(UA)3 UE UE w e

The governing momentum and energy Eq. (1), Eq. (2) and boundary conditions Eq. (3) in the
dimensionless form are

ﬂ:(lJriJ 82‘; +Gro (4)
ot p)o
00 0’0
Pr—= (3)
or o0&
v(&,0)=0,  6(&£,0)=0,
V(O,T)=T, H(O,T)zl, (6)

v(oo,r)=0, 49(00,2')=0.

Next, Eq. (4) and Eq. (5) are defined as Caputo fractional derivatives:
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" [, 1)0%
D v(§,r)-(1+ﬂ}a§2 +Gré (7)
PrDfO(&,7)= 2; (8)

where D is the differentiation operator and a is the fractional parameter, 8 is the Casson fluid
parameter, Gr is the Grashof number and Pr is the Prandtl number.

2.2 Laplace Transform Technique
Laplace transform is an integral transform method and is commonly used to solve the unsteady

differential equations. By using the Laplace transform method, the partial differential Eq. (7) and Eq.
(8) are transformed into a second order differential equations that are written as

[1+%Jg%(f,q)—qav(§,q)+6r5=0, (9)
d’0 wr B
d—yz(g,q)-Prq 0(&,q)=0. (10)

Eqg. (9) and Eq. (10) are then solved by using the undetermined coefficient method and the
solutions are presented as

ST RN W L S W

q q“(Pr-v) q q*(Pr-y)’ (1)

é(g,q)zie-fﬁ. (12)

Eg. (9) and Eq. (10) are then solved by implementing the inverse Laplace transform technique. The
solutions of the velocity and temperature are written as:

( ; )

_a a-1 a

V(f,f)=f(2,—ﬁ,—§ d T 2J+ pr1 GrT (p(l,—g,—f i‘r Zj—
2 \lﬁ+1 Pr_( B ) r(a) 2 \}ﬂ+1

p+1

e
a-1 _a
pri) w(l,_:_w;fzj,
Pr_(ﬁ) r(a) " 2

pg+1

R (19

27

(13)

where @ (*) is the Wright function.
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3. Results and Discussion

Eqg. (11) and Eq. (12) are the closed form for the free convection flow of generalized fractional
Casson fluid over an accelerated plate and the solutions are illustrated graphically by using MATHCAD
software. The graphs are plotted with different values of embedded parameters to investigate the
effect of the various parameters on the velocity and temperature profiles. For temperature profiles,
the graphs are plotted with various embedded parameters to investigate the effect of embedded
fractional parameter a, Prandtl number Pr and time t towards the temperature profiles which are
shown in Figures 1-3. As for velocity profiles, the graphs are plotted with various fractional parameter
a, Casson fluid parameter B, Grashof number Gr, and time t and are shown in Figures 4-7. Meanwhile,
validation of current solutions is displayed in Figure 8.
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Fig. 8. Validated result with Ali et al., [19]
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Figure 1 and Figure 4 show the effect of fractional parameters on temperature and velocity
profiles respectively. As shown in both figures, the temperature and velocity increase monotonically
as increases. The results obtained here can be useful for some practical problems. By choosing an
appropriate fractional mathematical model, the computed theoretical results can be used to
estimate the expected outcome and the range for an experimental design. In Figure 2, the effect of
the Prandtl number on the temperature distribution is presented. The graph depicts that the
temperature profile decreases rapidly as the value of Pr increases. Prandtl number is defined as the
ratio of momentum diffusivity to thermal diffusivity. Therefore, when Prandtl number Pr is small, the
fluid moves slower than the heat transfer, in other words, the thickness of the thermal boundary
layer is much bigger than the momentum boundary layer. So, heat can diffuse from the sheet faster
for higher Pr fluids. However, for larger Prandtl number may reduce the thermal boundary layer
thickness, and then reduce the thermal force to transport which consequently decreases the
temperature profile.

Figure 3 and Figure 7 display the effect of time t towards velocity and temperature profiles. As
the value of t increases, both velocity and temperature also rise up but at a different rate. In Figure
3, temperature increase gradually. Meanwhile, in Figure 7, the velocity increases dramatically. In
general, the trend in both graphs shows that the temperature and velocity increase with increasing
t. This trend can be explained as the value of t increases, the energy produced from the fluid flow will
eventually increase, this explained on the trend of the graphs. Furthermore, the effect of the Casson
parameter on the velocity profile is shown in Figure 5. The velocity experiences a decreasing trend at
first and at some point, the velocity rises slowly. This is the characteristic of the Casson fluid. As the
value increases, the shear stress of the fluid slowly overcomes the yield stress, and consequently the
boundary layer thickness increase.

Figure 6 shows the effect of Grashof number Gr on the velocity profile. Gr signifies the relative
effect of thermal buoyancy force on the viscous hydrodynamic force. From the observation, we can
say that the value of velocity increases gradually as the value increases. This is because the Grashof
number will enhance the buoyancy force of the flow and as a result, the velocity of the fluid flow will
increase.

Finally, it is observed from Figure 8 that solutions from this study are in perfect agreement with
published solutions from Ali et al., [19]. The limiting case of t = 1 and w = 0 were considered to
validate findings.

4. Conclusions

The free convection flow of fractional Casson fluid past an accelerated plate has been
investigated. The solutions of velocity and temperature were obtained by using the Laplace transform
method. The effect of the various parameters such as Casson fluid parameter, fractional parameter,
time, and Prandtl number on the fluid flow are discussed where the velocity increased when Gr and
t increased whereas velocity decreased when Pr and 8 decreased. It is also concluded that solutions
obtained from this study is valid.
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